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Summary 



The results in this thesis are organised in four chapters. 

Chapter 1 is prehminary. We state the necessary definitions and results in cj-complexes, 
atomic complexes and products of cu-complexes. Some definitions are restated to meet the 
requirement for the following chapters. There is a new proof for the existence of 'natural 
homomorphism' (Theorem |1.3.6| ) and a new result for the decomposition of molecules in 
loop- free cu-complexes (Theorem 1.4.13|) . 



In Chapter 2, we study the product of three infinite dimensional globes. The main result 
in this chapter is that a subcomplex in the product of three infinite dimensional globes is a 
molecule if and only if it is pairwise molecular (Theorem p.l.6|) . The definition for pairwise 



molecular subcomplexes is given in section 1. One direction of the main theorem, molecules 
are necessarily pairwise molecular, is proved in section 2. Some properties of pairwise molec- 
ular subcomplexes are studied in section 3. These properties are the preparation for a more 
explicit description of pairwise molecular subcomplexes, which is given in section 4. The 
properties for the sources and targets of pairwise molecular subcomplexes are studied in 
section 5, where we prove that the class of pairwise molecular subcomplexes is closed under 
source and target operation; there are also algorithms to calculate the sources and targets of 
a pairwise molecular subcomplex. Section 6 deals with the composition of pairwise molecular 
subcomplexes. The proof of the main theorem is completed in section 7, where an algorithm 
for decomposing molecules into atoms is implied in the proof. 

The construction of molecules in the product of three infinite dimensional globes is studied 
in Chapter 3. The main result is that any molecule can be constructed inductively by 



a systematic approach. Section 1 gives another description for molecules in the product of 
three infinite dimensional globes which is the theoretical basis for the construction. Section 2 
states the inductive process of constructing molecules. The justification for the construction 
is given in section 3. 

The main result in Chapter 4 is that a subcomplex in the product of four infinite dimen- 
sional globes is a molecule if and only if it is pairwise molecular (Theorem |4.1.4| ). In the 
first four sections, some basic concepts and properties have to be reestablished to suit more 
general case. The organisation for the last three sections is parallel to that in Chapter 2. 
The corresponding results for sources, targets, composition and decomposition of pairwise 
molecular subcomplexes are also achieved. 
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Introduction 



In this work, we study the cu- complexes of products of infinite-dimensional globes. 

An ri-category is an algebraic structure consisting of objects, morphisms between ob- 
jects, 2-morphisms between morphisms, and so on up to n-morphisms, subject to various 
composition rules. 

The study of ri-categories started from 2-categories which generalise the idea that natural 
transformations can certainly be thought as morphisms between morphisms. The theory 
of bicategories (a generalisation of 2-categories) has successfully been established by the 
wonderful work of, for example, Eilenberg and Kelly [|l^, Kelly [|l^, Kelly and Street |T7|1 , 
and Mac Lane and Pare IITSi. 



The concept of u;-category or oo-category (|^, |2^) is a generalisation of n-category with 
no restriction of 'up to n'. It was originated by Brown and Higgins in p, in connection 
with homotopy theory. It was not long after the concept was introduced that the researchers 
realised that a sort of pasting diagrams representing compositions in multiple categories 
should be introduced. There are several approaches in the study of such pasting diagrams 
with different names such as parity complexes, pasting schemes, directed complexes or u- 
complexes. See Al-Agl and Steiner Johnson |jl2|, Kapranov and Voevodsky Power 



PI, Steiner @, P and Street [H, H. We follow the approach in Steiner |2TI because the 



concept of a;-complex is certainly the most general one. 

There is a concept of products of a;-complexes defined in Steiner |^T|. It is natural because 
the products of a;-complexes give the tensor product of the underlying cj-categories. (For 
the study of tensor products of multiple categories, see the work of Gray [0, Al-Agl and 



Steiner [|T|, Grans 0, Joyal and Street |T3|, and Brown and Higgins 0). It is shown in 
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paper |21] that the products of a;-complexes are still cu-complexes. Since the definition for 
the product is given by generators and relations, it is natural to seek explicit descriptions for 
the products of cj-complexes. This problem is difficult in general, since the molecules, which 
are representatives of elements in the underlying cu-categories, in the products are difficult 
to recognise. We thus consider the solution for the products of the simplest w-complexes, 
globes. 

An n-dimensional globe u is the an w-complex representing the n-category with exactly 
one n-morphism and two m-morphisms m~ and for every non-negative integer m < n such 
that the /-source dfu^j^ and /-target d'lu'J^ of u'^ are uj' and u'^ respectively for / < m < n and 
7 = ±. The infinite dimensional globe is the obvious generalisation of ri-globes. The globes 
are basic cj-complexes because they serves as the generators in the standard representation 
of cij-categories. (See Crans |^.) The product of, for example, three infinite dimensional 
globes u X V X w is generated by elements of the form u'^ x Vj x wf. (called atoms) with 
relations resembling those in homological algebra. Thus an element (called molecule) in the 
product of three globes is a union of atoms (called subcomplex). One of the main result 
in this thesis characterises molecules in the product of three infinite dimensional globes, in 
terms of such subcomplexes. 

The study for the product of infinite dimensional globes is important not only because 
infinite dimensional globe is a basic cu-complex, but also because it may help to understand 



the products of general a;-complexes. According to the approaches used in paper ||2T[, it 
seems that the product of infinite dimensional globes has a sort of universal property which 
may be used to study product of general w-complexes, although we have not yet been able 
to describe this universal property precisely. Moreover, the explicit description of products 
of infinite dimensional globes may also help in better understanding some work in weak 
n-categories. (See Baez and Neuchl and Kapranov and Voevodsky [p!5|] .) 



For the product of two infinite dimensional globes, there are descriptions in paper 



and |2T[]. The description in pT| is more explicit in the way that the molecules are easily 
recognised and constructed, and there are explicit algorithms to calculate sources and targets 
of a molecule and the composites of molecules, there is also an algorithm to decompose a 
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molecule into atoms. The main work in this thesis is to extend these results to products of 
three and four infinite dimensional globes. 

As stated above, the construction for the product of two infinite dimensional globes is 
fairly clear. So it is natural to reduce the problem for the product of three infinite dimensional 
globes to that of two infinite dimensional globes. This consideration leads to the idea of 
describing a molecule in product of three infinite dimensional globes by projecting it to the 
(twisted) products of two infinite dimensional ones. This results in the definition of pairwise 
molecular subcomplexes in the product of three infinite dimensional globes. It is proved that 
molecules are exactly pairwise molecular subcomplexes. 

A more explicit description for molecules in the product of three infinite dimensional 
globes is influenced by pSf and ||2l|. Some conditions in this description come from the 



requirement that a molecule should be well-formed, while some come from the comparison 
with the description of molecules in the product of two infinite dimensional globes. A crucial 
concept is the adjacency of maximal atoms in a subcomplex. This description has some new 
features distinguished from that for the product of two infinite dimensional globes. Some 
restrictions must be given because of the middle factor. For example, if there is a pair of 
distinct maximal atoms u^^ x x zi;^^ and u°^^ x Vj^ x in a pairwise molecular subcomplex 
such that ii > i2, minjj'i, ^2} > and ki < k2 , it is required that there is a maximal atom 
uf X Vj X wl such that i > i2, j > min{ji, — 1 and k > ki. 

After the descriptions of molecules in the product of three infinite dimensional globes are 
proposed, we have to prove that pairwise molecular subcomplexes are closed under source and 
target operations, and they are also closed under composition operations. The algorithms 
for calculating the sources, targets and composites of a pairwise molecular subcomplex are 
also studied. 

To prove that pairwise molecular subcomplexes are molecules, we have to show that they 
can be decomposed into atoms. To do this, a total order, called natural order, on the set of 
atoms in the product of three infinite dimensional globes is introduced. The natural order 
is designed so that the maximal atoms of dimensions greater than the frame dimension p 
(see paper pO|) in a pairwise molecular subcomplex can be listed as Ai, A2, . . . , A5 with 
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As n A( C dpXg n dp Xt for all 1 < s < t < 5*. This means that the decomposition approach in 
paper pO[ applies. In the proof that pairwise molecular subcomplexes are molecules, there 



is also an explicit algorithm to decompose a molecule into atoms. 

At this stage, we have satisfactory descriptions for the product of three infinite dimen- 
sional globes. However, these are still descriptive. From these descriptions, it is fairly easy 
to check whether a given subcomplex is a molecule. But we still cannot construct all the 
molecules. Our next goal is to find a systematic way to construct all molecules. The ap- 
proach is based on the middle factor. According our results, we can construct any molecule, 
inductively, by listing its maximal atoms as Ai, A2, . . . , Xr with A^ = u^^ x Vj^ x wl''^ such 
that ji > ■ ■ ■ > Jr and such that v > V+i when 1 < r < R and jr = jr+i- In niore detail, 
let maximal atoms Ai, . . . , A,, be an initial segment of the list. We can easily determine 
whether Ai U ■ ■ • U Ar is already a molecule and determine the set of possible next maximal 
atoms Ar+i, so that all the molecules can be constructed inductively. 

Up to now, we have a completely satisfactory theory for the product of three infinite 
dimensional globes. 

Our discussion for the product of four infinite dimensional globes is roughly parallel to 
that for the product of three infinite dimensional globes. Since the construction of the prod- 
uct of three infinite dimensional globes, by our results, is thought to be clear, we propose that 
the molecules in the product of four infinite dimensional globes should be the subcomplexes 
such that they are projected to the molecules in the (twisted) products of three infinite 
dimensional globes. This results in the basic definition for pairwise molecular subcomplexes 
in the product of four infinite dimensional globes. 

To work out the more explicit description (the one without using projection), some 
basic concepts, for example, the definition of adjacency and projection maximal must be 
reestablished because of another middle factor. Compared with the description for the 
molecules in the product of three infinite dimensional globes, this description is less explicit. 
However, it is good enough to check whether a given subcomplex in the product of four 
infinite dimensional globes is a molecule. Best of all, both descriptions for the molecules in 
the product of four infinite dimensional globes can easily be stated for those in the product 



of more infinite dimensional globes. This may lead us to further study the product of more 
infinite dimensional globes. 

After the basic concepts and tools are properly established, the rest of the work very 
much resembles that for dealing with the product of three infinite dimensional globes: the 
closedness of molecular subcomplexes under the source, target and composition operations 
are proved, algorithms for the calculations of sources, targets and composites are given, and in 
the proof that molecular subcomplexes are exactly molecules, an algorithm for decomposing 
molecules into atoms is also estabhshed. 

Unfortunately, we have not been able to work out the construction of molecules in the 
product of four infinite dimensional globes. The difficulty remains that there are two 'mid- 
dle' factors. Thus our theory for the product of four infinite dimensional globes is not as 
satisfactory as that for the product of three infinite dimensional globes. 

We end the introduction by raising some questions following this work. 

1. What are the explicit descriptions for the product of n infinite dimensional globes 
with n > 4? 

We have proposed some fairly reasonable explicit descriptions for the molecules in the 
product of n infinite dimensional globes which resembles very much that for the product 
of four infinite dimensional globes. Some proofs in the study of the product of four infinite 
dimensional globes are already quite complicated, and the problem is how to generalise them. 
We feel pretty confident about working this out. 

2. How can one construct the molecules in the product of four infinite dimensional globes? 
As stated above, the construction of the product of three infinite dimensional globes is 

satisfactory because there is systematic way to construct any molecule in the product of 
three infinite dimensional globes. However, we have not yet worked out the analogue for the 
product of four infinite dimensional globes. The difficulty remains how to handle the two 
'middle' factors. We still have no idea of what the construction should look hke. 

3. What about the explicit descriptions for the product of general u;-complexes. 

As stated at the beginning of the introduction, the study of the product of infinite 
dimensional globes may help to understand products of general a;-complexes. Following this 

xi 



idea, for example, the construction of such a;-complexes as (Mi#pM2) v x w, where Ui, U2, 
V and w are infinite dimensional globes, must firstly be studied before one can carry on the 
study for the general problem. 

The following are two questions which we have not had time to think of deeply. 

4. What about the construction of the joins of infinite dimensional globes (simplexes)? 

5. What about the product of globes in the weak n-categories or weak cu-categories? (for 
the definition of weak n-categories and weak oj-categories, see 0, |Q, and 
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Chapter 1 



Preliminaries 



In this chapter, we give some basic definitions and discuss some properties of w-complexes 
and products of cu-complexes which are used throughout the thesis. All the results are based 
on papers and ||2^, although some treatments are different from those in these two 
papers. In the last section, we give a new decomposition theorem which will be used later 
in the thesis. 

Throughout the thesis, non-negative integers are denoted by i, j, k, I, m, n, p, q, etc. 
We also use a, /3, 7, a, r, e, u, etc, to denote signs ±. 

1.1 cj- complexes 

In this section, we define oj-complexes and give some local descriptions of a;-complexes. 

It is well known that a small category can be described purely by its morphism set by 
regarding objects as identities. 

Informally, an tu-category is a set X which forms the morphism set of a small category 
Cn for every non-negative integer n such that every element x in X is an identity in some 
Cn and ob{Co) C ob{Ci) C . . . , where ob{Cn) denote the set of objects (identities) of C„. We 
also require that the categorical structures commute for every pair of non-negative integers. 
The formal definition is as follows. 

Definition 1.1.1. A partial w-category is a set X together with unary operations (Iq , d^, 
di, d^, ... and not everywhere defined binary operations #0, #1, • • • on X such that the 
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following conditions hold for all elements x, x', y, y' and z in X, all non-negative integers m 
and ra, and all signs a and (3: 

1. if xij^ny is defined, then d^x = d^y; 

2. 

d^d^x 

4. if xij^nU is defined, then 

d^ixi^ny) 

5. {xjj^nyWnZ = xjj^niyH'nz) if either side is defined; 

6. {xi^ny)il'm{x'i^ny') = {xi^rnx')i^n{yil'my') iim <n and the left side is defined; 

7. for every x & X there is a non-negative integer p such that d'^x = x if and only if 
n > p. 

The unique non-negative integer p in condition ^ is called the dimension of x, denoted 
by dimx. 

Example 1.1.2. There is a partial w-category X = {a, b, x, y} such that dim a = dim 6 = 0, 
dimx = dimy = 1, dQX = d^y = a and rfg x = y = b. 

Definition 1.1.3. Let X be a partial cj-category. If d^x = d~y implies that is defined 

for all elements x, y in X and for all non-negative integers n, then X is an u-category. 

From Example |1.1.2| , a partial cu-category is not necessarily an a;-category. 
It is natural to consider representing a partial (x^-category X by a suitable 'pasting dia- 
gram'. The 'pasting diagram' is a sort of cell complex such that the indecomposable elements 




d^x if m < n, 
d^x if m > n; 



= d'^x = d'^y for m < n, 
= d'x, = rf+y, 

= d'^xj^nd'^y for m > n; 
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of X are represented by atoms, the operations are represented by parts of boundaries, 
composites are represented by well behaved unions, elements in the a;-category are repre- 
sented by subcomplexes which are well-behaved unions of atoms. 

Example 1.1.4. There is an c<;-category X with the following presentation: there are gen- 
erators a, X, y and relations 

dim a = 1, dimx = dimy = 2, d^x = d'^y, d^a — d^x = d^y. 

Then X has 16 elements which can be represented by subcomplexes of the diagram in the 
following figure: 

d 

C ^ 
P 

a c ' 
U a- V ^ W 

V b J 

There are three cells a, y representing the generators; three additional 0-cells v, w rep- 
resenting c/q a, d^a = d^x = d^y and dQX = d^y^ three additional 1-cells 6, c, d representing 
dfx, d^x = d'^y and d^y; and the seven subcomplexes 

xUy, aUb, aUc, aU d, aU x, aUy, aU x Uy 

representing 

a^ob, a#oc, a^od, a^ox, a#o2/, a#o(a:#iy). 

In this figure, d^ , d^, di, df are represented by left end, right end, bottom and top respec- 
tively; for example, d^a — a because dim a = 1, and 

dt[a#o{xi^iy)] = dfa^odtix^^iy) = aifodfy = aifod. 

Suppose that x^nU is a composite in a partial c<;-category, and suppose that x and y are 
represented by complexes in a pasting diagram. We then have d^x — d~y — say, and z 
must be represented by a subcomplex of the intersection xC^y. In fact our intuition requires 
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z to be the whole of x fl For we want z to be at one extreme of x and at the opposite 
extreme of so x \ z and y\z should be on opposite sides of 2;, and therefore disjoint. 

For an example of what can go wrong if this requirement is not satisfied, let X be the 
partial tu-category in Example p. .1.21 . This partial a;-category can be represented by the 
following diagram 



X 




a b 

y 



where the composites x^^y and yij^^x do not exist. We argue that the composites like these, if 
exist, would lead to an unsatisfactory behaviour in such pasting diagrams. Suppose otherwise 
that the composites a;#o2/ and yij^^x both exist. They are distinct because dQ^x^oy) 7^ 
d^ly^Qx), so it is not satisfactory to have them both represented by the union x U y. This 
unsatisfactory behaviour arises because x (ly strictly contains a and strictly contains b. 
These considerations lead to the following definition. 

Definition 1.1.5. An u-complex is a set K together with a family of subsets called atoms 
and a family of subsets called molecules such that the following conditions hold. 

1. The molecules form a partial w-category. 

2. Let x and y be molecules. Then is defined if and only ii x Hy = d^x = d~y] if 
x^ny is defined, then x^ny = xU y. 

3. Every atom is an molecule; every molecule is generated from some atoms by applying 
composition operations #0, #1, • • • ■ 

4. The set K is the union of its atoms. 

5. For an atom a and a sign a, let d°'a be given by 

{d" 1 a if dim a = p > 0, 
ifdima = 0; 
let the interior of a be the subset Int a given by 

Int a = a \ {d^a U d^a). 
5 



Then interiors of atoms are non-empty and disjoint. 



Example 1.1.6. There is an w-complex U2 called 2-dimensional globe. It is a closed disk. 
The boundary of the disk consists of two semicircles and intersecting at two distinct 
points Uq and Uq. The atoms are U2 itself, the two semicircles and u^, and the two 
distinct points Uq and Uq. The operators are such that d'^U2 = for m < 2 and 
do^i = Uq. It is easy to see that all the molecules in U2 are atoms, and they form an 
c<;-category. The a;-complex U2 can be represented by the following diagram. 




Similarly, there is an cj-complex M3 called 3-dimensional globe. It is a closed 3-dimensional 
ball. The boundary sphere consists of two hemispheres U2 and intersecting in a circle, 
and the circle consists of two semicircles u~[ and uf intersecting in two distinct points Uq and 
Uq . The atoms are the ball U3 itself, the two hemispheres and mJ, the two semicircles u~[ 
and uf, and the two distinct points Uq and Uq. The operators c?^ are such that d'^u^ = -u^ 
for m < 3 and d^u'^ = u^ for m < n < 3. It is easy to see that all the molecules in U3 are 
atoms, and they form an w-category. 

As another example of w-complex, let K he a 7 element set {e^, 62 , 62 , ,el ,6^ ,6^}. 
The atoms are eg = {eg, e^, e^, e]", e^, Cq , e(j"}, = {cg , e^, e|, Cq , e^}, = 

{ej, , e^, Cq , ed}, = {e^^ , Cg , e,|}, ef = {eJi'', Cq , e^}, Cq = {cg }, and = {e^}. 
The operators c?^ are such that d^e^ = for m < 3 and d^e'^ = for m < n < 3. It 
turns out that all the molecules in K are atoms, and they indeed form an cj-category. 

Example 1.1.7. There is an a;-complex u called p-dimensional globe such that the atoms in 
u can be listed as Up, u~_i, . . . , Uq , Uq such that d^Up = u^for m < p and d^u'^ = -u^ 
for m < n < p. It is easy to check that all the molecules are atoms in ]9-dimensional globes. 
We also denote the p-dimensional globe by Up. 

For instance, both of the subcomplexes and K described in Example p..l.6| represent 
the 3-dimensional globe. We are going to see that they are equivalent. 
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Similarly, there is an w-complex u called infinite dimensional globe with exactly two n- 
dimensional atoms u~ and for every non-negative integer n, such that d^u'^ = for 
m < n. It is easy to see that all the molecules in a globe are atoms, and they form an 
a;-category. 

In the thesis, an atom in an infinite dimensional globe u is also denoted by u[n, a]. 



We now state some results about local description of w-complexes in 21 . 



Proposition 1.1.8. 1. Let x he a molecule in an u-complex. Then d'^x C x for every 
sign a and every non-negative integer n. 

2. Let a he an atom in an u-complex. If d'^a ^ 0, then d'^a is a molecule and dimd°'a < 
dim a for every sign a. 

Proposition 1.1.9. Let he an element in an u-complex. If a is an atom of minimal 
dimension such that ^ & a, then C, € Int a. 

Proposition 1.1.10. Let x he a molecule and a he an atom in an u-complex. Then a <Z x 
if and only if Int a fl x 7^ 0. 

Proposition 1.1.11. Let x he a molecule in an u-complex. Then 

d'^x = [J{a : a C X and dim a < n}\ \^{b \ d°'h : h d x and dim 6 = n + 1}, 
where a and h are atoms. 

According to this proposition, we can see that an element ^ G d'^x if and only if (1) G a 
for some atom a <Z x with dime < n; and (2) for every atom h <Z x with dimfo = n + 1, if 
^ G 6, then ^ G d'^J). 



As an example, we use Proposition |1 . 1 . 1 1| to verify that, in Example, |1.1.4 



di (fi#o(3^#i?/)) = ct^o^- By the above theorem, di (a^Q^x^iy)) is the difference of the 
union aU bU cU d and Int d U Int c. Thus di {a^o{x^iy)) = aUb = a^^b. 

Corollary 1.1.12. An u-complex is determined by its atoms , their dimensions and the 
functions d~ and . 



Definition 1.1.13. Let X and Y be partial u;-categories. A homomorphism f : X ^ Y is 
a map such that 

1. f{d1^x) = d1^f{x) for all x G X, all non-negative integers n and all signs 7; 

2. /(x#„?/) = /(x)#„/(2/) whenever x#„?/ is defined. 

Example 1.1.14. Let m be a infinite dimensional globes. Let Uphe a. p dimensional globe. 
It is evident that there is a homomorphism : M.{u) M.{up) of cj-categories such that 
for all atom G M.{u) 



We end this section by introducing a definition of equivalence of u;-complexes. 

Let K be an w-complex. A suhcomplex is a subset of K which can be written as a union 
of atoms. The set of all subcomplexes of K is denoted by C{K); the set of all atoms of K is 
denoted by A{K)] The set of all molecules of K is denoted by J^{K). 

Definition 1.1.15. Let K and L be cu-complexes. We say K and L are equivalent if there 
exists a map / : C{K) — > C(L) called an equivalence of u- complexes such that the following 
conditions hold: 

1. If a G A{K), then f{a) G A{L). Moreover, /U(x) : A{K) A{L) is a bijection. 

2. If A is a set of atoms, then /{[JA) = U{/(«) ■ a e A}. 

3. If a G A{K), then dim /(a) = dim a. 

4. If a G A{K), then /(9"a) = (9"/(a) for a = ±. 

It is easy to check that the geometric description and combinatorial descriptions for 3- 
dimensional globes in Example |1.1.7| are equivalent. From this, we may use the geometric 
model to understand the combinatorial model and vice versa. 

We are going to prove that an equivalence of w-complexes preserves molecules. We need 
several technical lemmas. 




uf when i < p, 



Up when i > p. 
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Lemma 1.1.16. Let K he an uj-complex. If Ci,C2 G C{K), then Ci fl C2 G C{K). 

Proof. It suffices to prove that a fl 6 is a sub complex of K for every pair a and h of atoms in 
K. 

Let ^ G a n 6. Let be the atom of the minimal dimension with ^ G a^. According to 
Propositions |1.1.9| and |1.1.1U| , we have C a fl 6. It follows that a fl 6 = \J{a^ : ^ C a fl 6}. 
Thus a n 6 is a subcomplex of as required. □ 

Lemma 1.1.17. Let f : C{K) C{L) he an equivalence of u- complexes. If ci, 02 G C{K), 
then /(ci ncs) = /(ci) n /(ca). 

Proof. Since / preserves unions of subcomplexes, we have /(ci) C /(C2) for a pair of sub- 
complexes Ci and 02 in K with ci C C2. Note that / : C{K) C{L) is a bijection, it follows 



easily from Lemma |1.L16| that /(ci (1 02) = /(ci) fl /(C2), as required. □ 



Lemma 1.1.18. Let f : C{K) C{L) he an equivalence of u- complexes. If x G J^{K) and 
fix) G M{L), then fid^x) = d^fix). 

Proof. Suppose that b G A{L) and Intb C f{djx). Then there exists a G A{K) with 
6 = f{a) such that a C d'^x. Thus a C x and dim a < p. It follows that b = f{a) C f{x) and 
dim 6 = dim /(a) = dim a < p. Now suppose that b' G ^(i^) with dimfo' = p + 1 such that 
Int b C b'. Then there exists a' G such that f{a') = b'. It is evident that dim a' = p+1 

and a C a'. So we have a C d''a'. This implies that b = /(a) C f{d''a') = d'' f{a') = d"'b'. 



According to Proposition |1 . 1 . 1 1| , we have Int 6 C It follows that f{djx) C d'^f{x). 

By a similar argument, we can prove the reverse inclusion. 

This completes the proof. □ 

Proposition 1.1.19. Let f : C{K) C{L) he an equivalence of uo- complexes. If x G M.{K), 
then f{x) G Ai{L). Moreover, f\M{K) '■ M.{K) A4{L) is a homomorphism of partial uo- 
categories. 

Proof. We give the proof by induction. 

Firstly, if a G M.{K), then /(a) G by the definition of equivalence. 
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Suppose that m > 1 and f{x) G Ai{K) if x can be written as a composite of less then m 
atoms. Let x be an atom which can be written as a composite of m atoms. We must prove 
that f{x) eM{L). 

Indeed, it is evident that x has a proper decomposition x = yj^pZ into molecules such 
that y and z are molecules which can be written as a composite of less than p atoms. By 
the inductive hypothesis, we have f{y) E M.{L) and f{z) G M.{L). To prove f{x) G A4{L), 
it suffices to show that the composite f{y)i^pf{z) exists and that f{yi^pz) = f{y)i^pf{z). 

Since x = yi^pZ, we have d^y = d^z = y n z. By the previous lemmas, we get dp f{y) = 
fid^y) = fidpz) = d-f{z) = f{y) D f{z). Therefore /(?/)#p/(z) is defined and /(yifpz) = 
f{y U z) = f{y) U f{z) = f{y)ihpf{z), as required. 

By a similar argument, we can show that / preserves composition operation. Thus 
/ : M.{K) — s> M.{L) is a homomorphism of partial w-complexes. 

This completes the proof. □ 



1.2 Atomic Complexes 



Corollary |1.1.12| shows that it is possible to describe an w-complex by its atoms and the 



boundary operators d~ and . This leads us to a concept consisting of atoms and boundary 
operators which we call an atomic complex. 

In this section, we first define atomic complexes and state some properties of atomic 
complexes. Then we state a necessary and sufficient condition for an atomic complex to be 
an tu-complex. From this theorem, we will see that the results in paper |^ for loop-free 



directed complexes can be generalised to loop-free w-complexes. We shall discuss this in 
section Ol. 



Definition 1.2.1. An atomic complex is a set K together with a family of subsets A{K) 
called atoms and functions dim, d~ and defined on A{K) such that the following condi- 
tions hold. 

1. For every atom a, dim a is an non- negative integer called the dimension of a. 
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2. If a is an atom and a is a sign, then d^a is a subset of a such that d°'a is a union of 
atoms of dimensions less than dim a. 

3. K = [jA{K). 

4. For an atom a, let Int a = a \ {d~a U Then the interiors of atoms are non-empty 
and disjoint. 

Proposition 1.2.2. uj-complexes are atomic complexes. 

To give the necessary and sufficient conditions for an atomic complex to be an oj-complex, 
we need to define operators c?" on an arbitrary subset of K. This can be given by generalising 
Proposition p..l.ll| . 



Definition 1.2.3. Let K be an atomic complex. 

• \i X d K and a = ±, then 

(i"a; = |^{a : a C x and dima < n}\\^{h\d'^h : 6 C x and dim& = n + l}, 
where a and h are atoms. 

• li X d K and y C K, then the composite x^nV is defined if and only if x fl y = d^x = 
d~y] If x^nV is defined, then x#„?/ = xU y. 

• A molecule is a subset generated from atoms by finitely applying the composition 
operations (n = 0, 1, . . . ). 

With the definition of the operators on an arbitrary subsets of cu-complexes, we can 
define finite dimensional subcomplexes. 

Definition 1.2.4. Let K be an atomic complex. 

• If X is a union of atoms in K, then x is a suhcomplex of K. 

• Let X be a subcomplex of K. If there exists an integer n such that x = d~x = d^x, 
then X is finite dimensional. 
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Proposition 1.2.5. Let a and c be distinct atoms in an atomic complex. //Intafl c 7^ 0, 
then dim a < dime and a C for some sign a. 



Proposition 1.2.6. Let x and y be subcomplexes of an atomic complex. If y C x, then 
d"x r\y C d^y. 

Proposition 1.2.7. Let x and y be subcomplexes of an atomic complex. Then d'^{y U z) = 

tonO)u to\z)u(0\i/). 

Now we can state the necessary and sufficient conditions for an atomic complex to be an 
w-complex. 

Theorem 1.2.8. Let K be an atomic complex. Then K is an u-complex if and only if the 
following conditions hold. 

1. If a is an atom and dim a > 0, then d"a is a molecule for every sign a. 

2. If a is an atom and dim a = p > 1, then dp_2dp_-^^a = dp_2a for every pair of signs a 
and (5. 

Example 1.2.9. Let be the atomic complex with atoms w^[k,e\ {k = 0,1,- ■■ and 
e = ±) such that dim w^[k, e] = k and d1_-^w^[k, e] = w^[k — 1, (— )'^7] for A; > 0. It is clear 
that satisfies conditions in Theorem |1.2.8| . Thus it is an cj-complex. It is also easy to 
see that the cu-complex is equivalent to infinite dimensional globe vu under an obvious 
equivalence of cj-complexes sending w^[k, (— )'^e:] to w[k,e]. 

Lemma 1.2.10. In an u-complex, if x is a subcomplex, then d'^x can be written as a union 
of interior of atoms. 

Proof. Suppose that ^ G d"x. Let be the atom in x such that ^ G Int a^. Then dima^ < p. 
We claim Int C d'^x. Indeed, for every r] G Inta^, we have rj ^ a^. Moreover, suppose 
that ?7 G for an atom b G x with dim 6 = p + 1, then ^ G C 6. Hence ^ G d'^b by 



Definition |1.2.3| . Since d'^b is a molecule, we have C d"b. Therefore 77 G d"b. It follows 



from Definition |1.2.3| that rj G d^x for every rj G Int a^. Therefore Int C d^x. 
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Now it is evident that 

d^x = Int 

which shows that d'^x is a union of interiors of atoms. 

This completes the proof. □ 

Lemma 1.2.11. In an u; -complex, let x be a suhcomplex and a he an atom. Then Int a C d'^x 
if and only if 

1. a <Z X and dim a < p; 

2. If a G b G X for an atom b G x with dim b = p + 1, then a G d'^b. 

Proof. This is an direct consequence of Lemma |1.2.1(j| . □ 



1.3 Products of ct;- complexes 

In this section, we give the product construction for oj-complexes. Some treatments are 
different from (but of course equivalent to) those in paper ||21[] . This applies in particular to 
structures of products of two infinite dimensional globes. 

Proposition 1.3.1. Let K and L be atomic complexes. Then the product K x L of sets is 
made into an atomic complex as follows. The atom set A{K x L) is given by 

A{K X L) = {axb: aE A{K) and b E A{L)}; 

the structure functions are given by 

• dim(a x b) = dim a + dimfe; 

• d^{axb) = (a^a X 6) U (a X d^-^'^'^'^U) . 

The atomic complex K x L is called the product of K and L. 
Theorem 1.3.2. Let K and L be uo-complexes. Then K x L is an uo-complex. 
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Example 1.3.3. Let u and v be infinite dimensional globes. Then the product ux v of sets 
is made into an atomic complex as follows: the atoms are of the form x Vj with i and j 
run over all non-negative integers, and a and (3 run over all the signs; the structure functions 
are given by 

• dim(u" X Vj) = i + j] 

• cP{u2 X v^) = iu]_, X v^) U « X v\-J^). 



By Theorem |1.3.2| , u x v is actually an cu-complex. 

It is straightforward to verify that the product construction is associative. Therefore we 
can write a product of three w-complexes K, L and M as K x L x M. By Theorem |1.3.2| , 
The product K x L x M is still an cu-complex. In particular, the atom set A{K x L x M) 
is given by 

A{K X Lx M) = {axbx c: ae A{K) and b E A{L) and b E A{M)}; 
the structure functions are given by 

• dim(a x b x c) = dim a + dim b + dim c; 

• cP{axbxc) = {d-'a x 6 x c) U (a x x c) U (a x 6 x a(-)^^'""+^"'^Sc). 



Example 1.3.4. We now consider the product of three 1-dimensional globes mi x t>i x wi. 
Since the 1-dimensional globe is represented by the closed interval, the product uixvix wi is 
a cube. Recall that the 1-dimensional globe consists of 3 atoms. So the product uiXViX wi 
consists of 27 atoms. The following figure illustrates the source boundary 

d'{ui X vi X wi) = (til X t>i X Wq) U (-Uq X vi X wi) U (ui x x wi) 

of the cube, where A = ui x Vq x wi, B = ui x vi x Wq and C = Uq x vi x Wi. 
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We can identify edges and vertices. For example, the edge 

b — B n C — {ui X vi X Wq) n {uq X vi X wi) — Uq x vi x Wq 

and the vertex 

anb — {ui X Vq X Wq) n {uq X Vi X Wq) — Uq x Vq x Wq. 

We can then check that the directions of the edges and vertices are as shown in the figure. 
For example, since 

d~b — d~{uQ X vi X Wq) — Uq X Vq X Wq — aHb 

and 

— d'^{uQ X vi X Wq) = Uq X Vq X Wq = bOe, 
the direction of b is as shown in the figure. Similarly, since 

d''B — d~{ui X viX Wq) — {uq X Vi X Wq) U {ui x Vq x Wq) — bUe 

and 

d'^B = X ■Ui X Wq) = {uq x vi x Wq) U (iti x Vq x Wq) ^ aU f 

Thus the direction of B — ui x vi x Wq is as shown in the figure. 

From the diagram of ui x vi x wi, we can see that all the subcomplexes in the following 
list are molecules. 

1. Ui X Vi X Wi, 

2. Ui X Vi X Wq, 

3. Ui X Vi X Wq, 

4. Ui X Vq X Wi, 

5. Ui X Vq X Wi, 

6. Uq X Vi X Wi, 

7. Uq X Vi X Wi, 

8. Ul X Vq X Wq, 

9. Ul X Vq X Wq, 
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10. 


Ui 


X < 


X w^, 


11. 


Ui 


X ^0^ 


X w+, 


12. 


Uq 


X Vi 


X Wq, 


13. 


Uq 


X Vi 


X w^, 


14. 


^0 


X Vi 


X w^, 


15. 


Wo 


X t;i 


X w+, 


16. 




X 


X Wi, 


17. 




X 4 


X Wi, 


18. 


«0 


X Vq 


X Wi, 


19. 




X t;+ 


X Wi, 


20. 




X t;o- 


X Wq, 


21. 




X Vq 


X «;+, 


22. 




X V+ 


X Wq, 


23. 


Uq 


X v+ 


X w^, 


24. 


u+ 


X t;^- 


X Wq, 


25. 




X t-o" 


X w^. 


26. 




X 


X Wq, 


27. 




X t;+ 


X W+, 


28. 


{Ui 


X Vi 


X w+) 


29. 


{Ui X Vi 


X Wq) 


30. 


(til X Vi 


X w+) 


31. 


{Ui X Vi 


X Wq) 


32. 


{Ui X f 1 


X Wq) 


33. 


{Ui X 


X Wq) 


34. 




' X Vi X Wi) 


35. 


(^0 


X Vi X Wi) 


36. 


(4 


X Vi X Wi) 


37. 




X Vi X Wi) 


38. 


(^^0 


' XViX w^] 



U {uq X Vi X wi) U {ui 

U {uq X Vi X wi) U {ui 

U {Ui X Vq X Wi), 
U {Ui X Vq X Wi), 
U {Uq X Vq X Wi), 

U « XV^ X Wi), 
U {Ui X Vq X Wi), 
U {Ui X Vq X Wi), 

U {Ul X Vq X Wq), 

U {Ui XV+ X w+), 
U {Ui X Vq X Wi), 



xvqX Wi), 

XV^ X Wi), 
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39. 




X 


Vl 


X 




u 


{Ui 


X < 


X Wi), 










40. 




X 


Vl 


X 




u 




X ^o" 


X w+), 










41. 




X 


Vl 


X 


K) 


u 


(til 


X 


X 










42. 




X 


Vl 


X 




u 


{ui 


X ^o" 


X Wq), 










43. 


(^0 


X 


Vl 


X 




u 


{Ui 


X v+ 


X Wq), 










44. 




X 


Vl 


X 




u 




X Vo 


X Wi), 










45. 




X 


Vl 


X 




u 




X v+ 


X Wi), 










46. 


(«o 


X 


Vl 


X 


^o) 


u 




X Vq 


X Wi), 










47. 




X 


Vl 


X 




u 




X v+ 


X Wi), 










48. 




X 


Vl 


X 


Wo") 


u 


{ui 


X Vq 


X Wq) U 




X 




X Wi), 


49. 




X 


Vl 


X 




u 


{Ui 


X Vq 


X Wq) U 




X 




X Wi), 


50. 


(^0 


X 


Vl 


X 




u 


{Ui 


X v+ 


X W^) U 




X 




X Wi), 


51. 




X 


Vl 


X 


Wo) 


u 


{ui 


X v+ 


X w^) U 




X 




X Wi), 


52. 




X 


Vl 


X 




u 


{Ui 


X Vq 


X w^) U 




X 




X Wi), 


53. 




X 


Vl 


X 




u 


{Ui 


X v+ 


X Wq) U 


« 


X 




X Wi), 


54. 


(Ui 


X 


'^0 


X 




u 


(Uq 


X 


X Wi), 










55. 


{ui 


X 




X 




u 


(«0 


X 


X Wi), 










56. 


{ui 


X 




X 


K] 


u 




X v+ 


X tWi), 










57. 


{ui 


X 




X 




u 




X v+ 


X Wi), 










For 


example, from the fig 


ure, one can see that the 31st 



Wq) U {ui X Vq X wi) in the list can be decomposed into atoms as (6#o^)#i(-S#o'^) — 

[(Uq XViX Wq)4q{ui XV-^ X Wi)]#i[(mi X X )#o« x v^ x Wi)]. 

One can show that every composite of molecules in the hst is still a molecule in the hst. 
So we have a complete list of the molecules in ui x vi x Wi. 

In chapter 3, we will show how this list is compiled and how to compile such lists for the 
molecules in the products of any three finite dimensional globes. 

Theorem 1.3.5. Let K and L he uj-complexes. Let x and y be molecules in K and L 
respectively. Then x x y is a molecule in K x L and 

dl{x X y) = {d?^x X U {d^^^x x U • • • U x d^y). 
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The following Theorem is implicit in Paper To avoid introducing more concepts, we 
give an independent proof. 

Theorem 1.3.6. Let Ki and Li he uj-complexes such that M.{Ki) and M.{Li) are uj- 
categories for 1 < i < r. Let fi : Ai{Ki) M.{Lj) he homomorphisms of partial u- categories 
for 1 < i < r. If Ai{Ki x ■ ■ ■ x Kr) and Ai{Li x ■ ■ ■ x Lr) are u- categories, then there is a 
natural homomorphism / : Ai{Ki x ■ ■ ■ x Kr) Ai{Li x ■ ■ ■ x L,.) of partial uj-categories 
such that /(tti X ■ ■ ■ X a,-) = x ■ ■ ■ x fr{ar) for all atoms ai x ■ ■ ■ x in Ki x ■ ■ ■ x Kr- 

Proof. The arguments for different choices of r are similar. We give the proof for r = 2. 

Let F : C{Ki x K2) —>■ C{Li x L2) be the union-preserving map such that F{ai x 02) = 
/i(ai) X f 2(0,2) for all atoms Oi and 02- To prove the theorem, it suffices to show that 
F{M{Ki X K2)) C A^(Li X L2) and F\m(k^-kK2) ■ M{Ki x K2) M{Li x L2) is a 
homomorphism of partial w-categories. 

Firstly, we verify inductively that F{x) is a molecule and F{d1^x) = d1^F{x) for all non- 
negative integers n, all signs 7 and all molecules x in /Ci x /^^2• 
To begin the induction, let ai xa2 be an atom in i^'ix/^2- ThenF(aiXa2) = x/2(a2) 
by the definition of F. Since fi{ai) C M.{Ki), we have F(ai x 02) C A4{Ki x K2) by Theorem 
1.3.5 . Moreover, by Theorem [1.3.5| , we have 

F{dl{ai X 02)) 

= F{{dlai X 4~^"'^«2) U {d?^^iai x d[~^"~^'^a2) U • ■ ■ U {d^ai x (i>2)) 
= X /2(4"^""«2)) U (/i(dl_iai) X f2id[-^""^'a2)) U ■ ■ ■ U ifMoa^) x /2(d>2)) 

= idlf^{a^) x S^^''' f2{a2)) U x ^"^"""^(aa)) U ■ ■ ■ U {dlf,{a,) x dlf2{a2)) 

= dZifiia,) X f2ia2)) 
= d^F^ai X 02). 
Thus F{d'Zx) = d1F{x) holds when x is an atom in Ki x K2. 

Next, suppose that F{x') is a molecule and that F^d^x') = d^F^x') for every molecule x' 
in Ki X K2 which can be written as a composite of less than q atoms. Suppose also that x is 
a molecule in Ki x K2 which can be written as a composite of q atoms. We verify that F{x) 
is a molecule in Li x L2 and that F^d'^x) = d'ZF{x). It is evident that x can be decomposed 
into molecules x = y^^pZ such that y and z can be written as less than q atoms. 
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We first verify that F{x) is a molecule. Indeed, since d^F{y) — F{d^y) — F{d~z) — 
dpF{z), the composite F{y)^pF{z) is defined. Moreover, since F preserves unions of atoms, 
we have F{x) = F{y\Jz) = F{y) \JF[z) = F{y)^pF[z). This shows that F{x) is a molecule 
in Li X L2. 

We next verify that F{d1x) — d1F{x). Indeed, \ln — p, then 
F{d-x) = F{d-{y4nz)) = F{d-y) = = 
and, similarly, F{d^x) = d^F{x). U n > p, then 

F(dlx) 
= F{dl{yi^,z)) 
= F{dly4,dlz) 
= F{dlyUdZz) 
= F{dly)UFidlz) 
= dZF{y)UdZF{z) 

and 

= d;F{y) = d;F{z) = d~dlF{z); 

thus 

F{d?^x) = d?^F{y)4AF{z) = dl(F(y)#,F(z)) = d^F(a;). 

If n < p, then 

Therefore, is a molecule and F^d^x) = d^F^x). 

This shows that F{x) is a molecule and F{dZx) — dZF{x) for all molecules x in i^i x K2 
by induction. 

Finally, by arguments similar to that in the proof of F{x) being a molecule above, we 
can see that F\m(KixK2) preserves composites of molecules. This completes the proof that 
F\M{KixK2) is a homomorphism of partial a;-categories, as required. 

□ 

Let a; be a subcomplex in an a;-complex. An atom a is a maximal atom in x if a C x and 
a <zb <Z X implies a = 6 for every atom b. 
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The following result characterises molecules in the product of two infinite dimensional 
globes. 

Theorem 1.3.7. Let u and v he infinite dimensional globes. Then a subcomplex A of u x v 
is a molecule if and only if the following conditions hold. 

• There are no distinct maximal atoms u[ii,ai] x and u[i2,a2] x v[j2, ^2] such 
that ii < 12 and ji < j2, so that the maximal atom in A can be listed as Xi, . . . , A5 
with Xg — u[is, CKs] X v[js^ /3s] for 1 < s < S such that ii > ■ ■ ■ > is and ji < ■ ■ ■ < js- 

• // As_i and Xg are a pair of consecutive maximal atoms in the above list, then Ps-i — 

Now we give the construction of djA for a molecule Ain u x v. 

Theorem 1.3.8. Let A be a molecule in uxv. Then the set of maximal atoms in djA consists 
of all the maximal atoms u[i', a']xv[j', P'] in A with i'+j' < p and all the atoms u[i, a] xv[j, f3] 
with i + j = p such that i < i" and j < j" for some maximal atom u[i", a"] x v[j" , /3"] of A, 
where the signs a and P are determined as follows: 

1. If u[i" ,a"] X v[j" ,13"] can be chosen such that i" > i, then a — 7; otherwise, a — a.'. 

2. If u[i",a"] X v[j",(3"] can be chosen such that j" > j, then /3 — (— )'7/ otherwise, 
P-P". 

The composition of molecules in x u is characterised as follows. 

Theorem 1.3.9. Let A~ and A'^ be molecules of uxv. IfdpA~ — d~A'^, then the composite 
A~#pA+ is defined and the maximal atoms in A~#pA+ consists of all the q-dimensional 
common maximal atoms of A~ and A+ with q < p together with all the r -dimensional atoms 
in either A~ and A+ with r > p. 

CoroUciry 1.3.10. The molecules in ux v form an uj-category. 



20 



Example 1.3.11. Let the sub complexes 

A- 



and 



A- 



= ^5 X ^0 

U u'^ X V2 



U ^2 X 1)3 



U X 
U X v+ 



Ut X Vn 



U X vf 
U X V2 
U U2 X 



U Uo X vl 



By Theorem p..3.7| , it is easy to see that A and A"*" are molecules oi u x v. Moreover, by 
Theorem |1.3.8| , we have d^IST and (ig A"*" are both equal to the molecule 



X 



U u. X V 



U X V2 



U ^2 X "^3 



U u-^ X v'l 



U Wo X <• 



Therefore, by Theorem p..3.9| , the composite A ^sA"*" is defined and the composite is the 
following molecule. 







X 


^0 


u 




X 




u 




X 


vt 


u 


U2 


X 




u 




X 


4 
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Example 1.3.12. Let U2 be the 2-dimensional globe and let Vi be a 1-dimensional globe. 
Geometrically, U2 is a closed disk and Vi is a closed interval. Therefore the product U2 x vi 
is a cylinder. Since U2 has 5 atoms and vi has 3 atoms, the product U2 x vi has 15 atoms. 
We calculate the boundaries d~{u2 x vi) and d^{u2 x vi). By definition, we have 

d~{u2 X Vi) — {u^ X Vi) U (^2 X w,^) 

and 

5+(m2 X Ui) = {u^ X Wi) U (^2 X 

If we put the disk U2 in a horizontal plane and put the interval Ui in a vertical line and 
represent and on by bottom and top respectively, then d~{u2 x wi) is the union 
of the bottom disk and half of the curved part of the boundary of the product x vi, as 
shown in the following figure, where a — u{ x Vq , h — Uq x vi, A — x vi and B — U2XVq . 




Since 

d~{u^ X vi) = Uq X viU u{ X v'^ 

and 

d^{ui X vi) = Uq X viU Ui X Vq , 

one can easily see that the direction oi A — x vi is as indicated in the figure. Similarly, 
we can get the direction for B — U2 x Vq. Moreover, it is easy to check that 

d-{u2 X Vi) = {Ui X Vi) U {U2 X Vq) = X Wi)#i[(m2 X Vq)^o{u+ X Vi)]. 

One can also see this graphically from the figure. 

Similarly, d~^{u2 x vi) is the union of the top disk and the other half of the curved part 

of the boundary of the product Ui x vi, and we have 

d+{u2 X Vi) = « X t;i) U {U2 X v+) = [{u^ x Vi)^o{u2 X v^)]^i{ut X Vi). 
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Therefore d {u2 x vi) and d^{u2 x vi) are indeed molecules. 
We can similarly workout the boundaries of other atoms. 



Example 1.3.13. Let u be a infinite dimensional globes. Let be a jo dimensional globe. 
Recall that there is a homomorphism : M.{u) M.{up) of a;-categories such that for all 
atom uf G J^{u) 

uf when i < p, 
Up when i > p. 

It follows from the Theorem |1.3.6| and Corollary |1.3.1CI| that there is a natural homomorphism 

f : M{u X v) ^ M{up X Vq) of u;-categories such that /(u" x v^) = fp{uf) x fq{Vj) for all 
atoms uf X in u X V. 
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1.4 Decomposition of Molecules in Loop- Free oj- 
Complexes 

In this section, we prove a decomposition theorem for molecules in an loop-free a;-complex. 
This theorem will be used later in the thesis. 

Firstly, we need to generalise some concepts and results from loop-free directed complexes 
in paper to loop-free cu-complexes. 

Definition 1.4.1. A directed precomplex is a set K together with functions dim, d~ and 
on K satisfying the following conditions. 

1. If a & K, then dim cr is an non- negative integer, called dimension of a. 

2. If a E K and dim cr > 0, then d~a and d^a are subsets of K consisting of dim a — 1 
dimensional elements of K. 

Let K he a directed precomplex. A subset a; of is closed if d'^a C x for every cr G x 
with dim cr > and every sign a. For a subset y of K, the closure Cl{y) of y is the smallest 
closed subset of K containing y. The closure Cl{a} of a singleton {cr}, denoted by a, is 
called an atom. 
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Definition 1.4.2. Let X be a directed precomplex. 
If X (Z K and a — ±, then 

d^x = [j{a : f7 e a; and dim(T < n} \ |J{f \ Cl(a" r) : T & X and dimr — n + 1}. 

If X and y are closed subsets of K, then the composite x^nV is defined if and only if 
xr\y = d^x = d~y; If x^nU is defined, then x^nU = x U y. 

A molecule is a subset generated from atoms by finitely applying the composition oper- 
ations (n = 0, 1, . . . ). 

Definition 1.4.3. A directed complex is a directed precomplex satisfying the following con- 
ditions. 

1. If a is an atom with dim cr = p > 0, then dp_^a is a molecule for a = ±. 

2. If a is an atom with dim cr = p > 1, then (ip_2(ip_i^a" = d^_2(J for a = ib and /3 = ±. 

Definition 1.4.4. Let K be a directed complex and n be a non- negative integer. Let a and 
h be elements in K. 

• An n-path of length A; from a to 6 is a sequence a — Qq, . . . ,ak — b of elements in K 
such that for 1 < i < k either 

dimaj_i < n and dima^ > n and aj_i G (i~ai \ {d~_idi U (i^_]^aj) 

or 

dimoi_i > n and dima^ < n and e d'^di^i \ {d~_iai-i U (i^_]^ai_i). 

• A toto^ path of length A; from a to 6 is a sequence a — a^, . . . ,ak — b of elements in K 
such that for 1 < i < A; either Oj-i e 5~ai or e 9"'"ai_i. 

• An n-loop is an n-path of positive length from some element of K to itself; A total loop 
is a total path of positive length from some element of K to itself. 
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• A subset of K is loop-free if it does not contain n-loops for any n; A subset of K is 
total loop-free if it does not contain total loops. 

We can now generalise the concept of loop-freeness to a;-complexes, as follows. 

Definition 1.4.5. Let K be an oj-complex and n be a non-negative integer. Let a and b be 
atoms. 

• An n-path of length k from a to 6 is a sequence a = gq, . . . , Uk = b of atoms such that 
for 1 < i < k either 

dimaj_i < n and dimoj > n and Int a^-i C d~ai \ {d'^^ai U d'^^^ai) 

or 

dimaj_i > n and dimaj < n and IntOj C (i^flj-i \ ((i^_iaj_i U c?^_;^aj_i). 

• A total path of length k from a to 6 is a sequence a = ao, . . . , = 6 of atoms such that 
for 1 <i <k either dimai_i = dima^ — 1 and aj_i C (?^cti, or dimoj = dimaj_i — 1 
and Oj C d'^ai^i. 

• An n-loop is an n-path of positive length from some atom to itself; A total loop is a 
total path of positive length from some atom to itself. 

• A subcomplex of K is loop-free if it does not contain n-loops for any n; A subcomplex 
of K is total loop-free if it does not contain total loops. 

For example, the 0-path and total path in a 1-dimensional cj-complex is a directed path, 
regarded as a sequence of alternate vertices and edges. In Example [1.1.4] , the sequence u, a, 
V, b, z, c is a total path; the sequence b, x, c, y, d is a 1-path. 

Lemma 1.4.6. Let K be a loop-free u-complex. Let a be an atom in K with dim a = p > 0. 
Then d'^a is a union of its p — 1 dimensional atoms. 
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Proof. Suppose otherwise that there is a p-dimensional atom a of K such that d'~'a is not 
a union of its p — 1 dimensional atoms for some 7. Then d'^a has a maximal atom b of 
dimension less than p — 1. Let q = dim 6. By Lemma |L2.3| , we can see that b is an maximal 
atom in both d~d'^a = d~a and d^d'^a = d^a which implies that a, 6, a is a g-loop. This 
contradicts the assumption of the loop-freeness of K. □ 

Let K he a, directed complex. According to the definition of directed complexes and 



Theorem |1.2.8| , set K is also an cj-complex such that the atoms in the cu-complex K are 
exactly those in the directed complex K. Note that Int a is a singleton {cr} for every atom 
a. By Theorem |L2.3| , Definition |1.1.15| and Lemma [1.4.6| , it is easy to see that every loop-free 



cj-complex is equivalent to an cj-complex associated with a loop-free directed complex. Thus 
all results for loop-free directed complexes can be generalised to loop-free c<;-complexes. In 
particular, we have the following definitions and theorems. 

Definition 1.4.7. Let a; be a non-empty finite subcomplex of an w-complex which is not 
an atom. Then the non-negative integer 

max{dim(a fl 6) : a and b are distinct maximal atoms in x} 

is called frame dimension of x, denoted by fr dimx. 



Definition 1.4.8. A molecule x in an u;-complex is split if the following conditions hold. 

• Let a be a p-dimensional atom in x. If 6 is a p — 1 dimensional atom in d~a and if c 
is a p — 1 dimensional atom in 5"^ a, then b and c are distinct. 

• If y is a factor in some expression of x as an iterated composite, then there exists an 
expression of y as an iterated composite of atoms using the operations only for 
n < fr dimy. 

Proposition 1.4.9. // a subcomplex of an u-complex is total loop-free, then it is loop-free. 
Theorem 1.4.10. In a loop-free u-complex, all molecules are split. 
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Theorem 1.4.11. // the atoms in an u-complex are all total loop-free, then the molecules 
are all total loop-free, so that all the molecules are split. 



Theorem 1.4.12. Let K and L be ui-complexes. If both K and L are total loop-free, then 
so is K X L. 

According to this theorem, the products of infinite-dimensional globes are total loop-free. 
Hence all molecules in products of infinite-dimensional globes are split. 
Now we can state the main theorem in this section. 

Theorem 1.4.13. Let x be a molecule in a loop-free uj-complex and p = b dim a;. Let q 

be an integer with q > p. If there is a maximal atom ai in x with dimai > p such that 
ai n a' C d^ai fl d^a' for every other maximal atom a' in x with dim a' > q, then x can be 
decomposed into molecules 

where x~ = d~x U ai and x'^ = d^x U 1J{^" • ^" '^^ ^ maximal atom in x with a" ^ ai}. 

The decomposition for d~(u2 x v\) and d~{u2 x vi) in Example p..3.12| is actually obtained 
by using this theorem. 

The proof is separated into several lemmas. 

Lemma 1.4.14. Let x be a subcomplex and y = yiU ■ ■ - Ui/n be a union of subcomplexes. If 
X C y and x Hyi C d'^yi for all 1 < i < n, then x C d'^y. 

Proof. We give the proof only for n = 2. The general case can be shown by induction. 
By Proposition |1.2.7| , we have d^y = {d^yi (1 d^ys) U {d],yi \ ys) U (d^?/2 \ Vi)- 
Suppose that ^ G x. Then ^ G 2/1 or ^ G ?y2- If ^ G 2/1 and ^ G 2/2, then ^ G rf^yi fl d'^y2 C 

d'^y. If ^ G ?/i but ^ ^ y2, then ^ G djyi but ^ ^ y2] this implies that ^ G d'^y. If G ?/2 but 

^ ^ yi, then ^ G (i^y2 but ^ ^ yi] this implies that ^ G d'^y. This completes the proof that 

X C d],y. 

□ 

Corollary 1.4.15. Let x = xiU ■ ■ ■ Xm and y = yiU ■ ■ ■ U yn be a union of subcomplexes. If 
X <Z y and Xi fl yj C d'^yj for all 1 < i < m and I < j < n, then x C djy. 
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Lemma 1.4.16. Let x be a subcomplex of an u-complex and a be a maximal atom with 
dim a < n. If d"x is a subcomplex, then a is a maximal atom in d^x for every sign a. 



Proof. This follows straightforwardly from Definition 1.2.3. □ 



Lemma 1.4.17. Let x be a subcomplex of an uj-complex and ^ G x. Then ^ G d'^x if and 
only if ^ E dja for every maximal atom a in x with G a. 



Proof. Suppose that ^ G djx. According to Proposition p..2.6| , we have ^ G aCi d^x C d^a for 



p — V 



every maximal atom a in x with a. 

Conversely, suppose that ^ G d'^^a for every maximal atom a in x with G a. Then it 
is evident that ^ E a' for some atom a' in x with dime' < q. Moreover, for every p + 1- 



dimensional atom b G x with ^ G 6, we have ^ G bndjb' C d'^b by Proposition 1.2.6 , where b' 
is a maximal atom containing b . It follows from Definition |1.2.3| that ^ G d'^x, as required. 
This completes the proof. □ 



Lemma 1.4.18. Let x, x and x^ be as in the statement of Theorem \1. 4-131 Then x 

^ 71 Q"^ 



Proof. Recall that 



d^xU ai 



and 

x~^ = d^x U : cl" is a maximal atom in x with a" ^ a\\. 

Thus X = x~ U x"*". 

Since x is a molecule, the set {a" : a" is a maximal atom in x with a" ^ Ci} is finite. 
Moreover, it is evident that x~ and x"^ are subcomplexes. 

Now we trivially have x^ fl d~x C d^d~x; since ai C x, we have d^x n ai C d'^ai by 
Proposition p..2.6| ; according to the assumption, we also have Oi fl a" C d^Oi fl d~a" C rf+Oi 
for every maximal atom a" in x with a" 7^ ai. It follows from Corollary p..4.15| that x~ flx^ C 



x~. 

On the other hand, suppose that ^ G d^x~ and ^ ^ a" for every atom a" distinct from 
Cl such that dim a" > q. We claim that ^ G d^x so that ^ G x"*" and hence d^x' C x^ fl x+. 
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Indeed, let a be a maximal atom in x with ^ G a. If a = ai, then, by Proposition 1.2.6 



^ G ai n d^x C d^tti, if a 7^ ai, then dim a < g by the assumption; hence ^ G a = d^a. It 
follows from Lemma |1.4.17| that ^ G (it a;, as required. 



We have now shown that x~ (1 x~^ = d'^x~ . By a similar argument, we can also get 
x~ n 2;+ = d~x^ . This implies that x~^gX~^ is defined and hence x = x~^qX~^, as required. 
This completes the proof. 

□ 



Lemma 1.4.19. Let x and x^ be as in the statement of Theorem \1.4-1!^ - Then x and x^ 
are molecules. 



Proof. Since a; is a molecule in a loop- free cu complex, it is split by Theorem 1.4.10. Hence 



X and x"*" are molecules, as required. □ 



We have now completed the proof of Theorem |1.4.13 . 
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Chapter 2 

Molecules in the Product of Three 
Infinite-Dimensional Globes 

In this chapter, we study molecules in the product of three infinite dimensional globes. We 
are going to give two equivalent descriptions for the molecules in the product of three infinite 
dimensional globes. 

Throughout this chapter, infinite dimensional globes are denoted by u, v or w. An atom 
uf is denoted by m[z,q;]. All subcomplexes refer to finite and non-empty subcomplexes in 
the a;-complex u x v x w. 

2.1 The Definition of Pairwise Molecular Subcom- 
plexes 

In this section, we first define 'projection maps' and prove some of their basic properties. 
Then we state one of the main results in this chapter which says that a subcomplex in 
products of three infinite dimensional globes is a molecule if and only if it is 'projected' to 
molecules in (twisted) products of two infinite dimensional globes together with a natural 
requirement. This leads to the definition of pairwise molecular subcomplexes of u x v x w. 

Let be the atomic complex with atoms w^lk, e] (/c = 0, 1, • • • and £ — ±) such that 
dim w'^[k,e] = k and dl_^w^[k,e] = w^[k — 1, (— )'^7] for A; > 0. It is clear that satisfies 
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conditions in Theorem 1.2.8 . Thus it is an a;-complex. It is also easy to see that the u- 
complex is equivalent to infinite dimensional globe w under an obvious equivalence of 
w-complexes sending w^[k, {—)'^ e] to w[k,s]. Moreover, it is evident that this induces a 
equivalence of cj-complexes uxw and u x w"' sending u[i, a] x w[k, e] to u[i, a] x w^[k, e]. By 
this equivalence, all the results for products of two infinite dimensional globes in Section |1.3| 
can be generahsed to m x . In particular, we have d^i^uli, a] x w^[k, e]) = u[i, a] x w^[k, e] 
if i + k < p, while, if i + A; > p, the maximal atoms in d'^{u[i,a] x w^[k,e]) consists of 
u[l, a] X w^ln^uj] such that I < i, n < k and I + n = p; the signs a and u are determined as 
follows: 

1. if / = i, then a = a; if I < i, then a = 7; 

2. if n = k, then u = e; if n < k, then u = (—)'"•" "^7. 
For an atom u[i, a] x v[j, jS] x w[k , e] in u x v x w, let 

Int(M[i,a] X w^[k,e]), when j > J; 
, when j < J. 



FJ(IntA) 



This gives a map sending interiors of atoms in u x v x w to interiors of atoms in w x or 
the empty set. 

Since interiors of atoms are disjoint, it is clear that the map F] can be extended uniquely 
to a map sending unions of interiors of atoms in m x x it; to unions of interiors of atoms in 
u X hj requiring it preserves unions. 

We can similarly define a map sending unions of interiors of atoms in u x v x w to 
unions of interiors of atoms in x and a map sending unions of interiors of atoms 
in u X V X w to unions of interiors of atoms in u x v. 

It is easy to see that every atom can be written as a union of interiors of atoms. It follows 
that -F", Fj and F^ are defined on subcomplexes of u x v x w and preserve unions. 

We next prove that F", F] and FJf send atoms to atoms or the empty set so that they 
send subcomplexes to subcomplexes. We need two preliminary results. 
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Lemma 2.1.1. 

d'^{u[i, a] X v[j, pi] X w[k,e]) = \^{dlu[i, a] x p] x (i^"^''^™^«;[A;, e] : / + m + n = p} 



Proof. According to Proposition 1.3.5 



d:^{u[i,a] X v[j,P] X ti;[A;,e]) 

[j{d]{u[z, a] X x 4-^^^w[k, e] : s + t = p}. 



Then the result follows easily by applying Proposition 1.3.5 again. □ 



Proposition 2.1.2. Let A = x x tf[A;,£] be an atom. 

• If i + j + k < p, then d^X = X. 

• If i + j + k > p, then the set of maximal atoms in d'^X consists of all the atoms 
uf X X w':^ such that I + m + n = p and I < i, m < j and n < k, where the signs a, 
T and uj are determined as follows: 

1. If I = i, then a = a; if I < i, then a = j. 

2. If m = j, then t = P; if m < j, then r = (— )'7. 

3. If n = k, then uj = e; if I < i, then uj = (— )'+"^7. 

Proof. It is evident that d'^X = X when i + j -\- k < p. We may assume in the following proof 
that i + j + k > p. 

Let Ai denote the union of the atoms described in this lemma. We must show that 

d;x = A,. 

By the formation of Ai, it is easy to see that every maximal atom fi = u[l, a] x v[m, r] x 
iy[n,a;] in Ai can be expressed as /i = dju[i,a] x dm^ '^v[j,P] x d^"^ ^w[k,e]. By Lemma 
p.l.l| , we can see that /i C dJX, and hence Ai C dJX. 

To prove the reverse inclusion, by Lemma |2.1.1| , it suffices to prove that dju[i,a] x 
dn? ^v[j.,P] X dn ^ '^w[k,e] C Ai for every triple {l,m,n) with I + m + n = p. By the 
formation of Ai, this inclusion is obvious when I < i, m < j and n < k. So it suffices to 
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prove that dju[i, a] x dm^ '^vlj, P] x d^^ "^wlk, e] is not a maximal atom in d'^X when / > i, 
m > j OT n > k. 

Suppose that / > i. Then m < j or n < k. If m < j, then diu[i,a] x dm^ ^v[j,l3] x 
d^^ ^ '^wlk, e] ^ dj_iu[i, a] x (i^+i '^vlj, P] x d^^ ^ '''wfA;, e] C d'^X. If m > j, then n < k, so 
d]u[i, a] X rf-m P] X c?l~^'"^"''^i(;[/f;, e] ^ d]_-^^u[i, a] x (/m ^^^^b', P] x c?^+^i^'" ^''''^[A;, e] C rf^A. 

This shows that, in both cases, d]u[i, a] x dm^ '^v[j, P] x di^^ '^w[k, e] is not a maximal atom 
in (i^A. Similarly, the above statement is true if m > j or n > A;. 

This completes the proof of the lemma. □ 



Proposition 2.1.3. Let u[i,a] x v[j,P] x w[k,e] be an atom inux v x w. Then 

0, when i < I; 



1. Ff{u[i,a\ X v[j,P\ X w[k,e\) 



2. F}{u[i,a] X v[j,p] x w[k,e\) 



3. F^{u[i,a] X v\j,P] x w[k,e\) 



u[i,oi\ X w^[k,e\, when j > J; 
0, when j < J; 

0, when k < K. 



In particular, Fj, F] and F'^ send atoms to atoms or the empty set so that they send 
subcomplexes to suhcomplexes. 

Proof. The argument for the three cases are similar. We only prove the second one. The 
proof is given by induction on dimension of atoms. 

For an atom A = u[i, oi\ x v[j, P] x w[k, e]m. ux v x w/il dim A = 0, then i — j — k — 
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hence 

= F]ilntX) 

lrLt{u[i,a] X w^[k,e]), when J = 0; 
0, when J > 

u[i, a] X w^[k, e], when J = 0; 
0, when J > 0, 

as required. 

Suppose that the proposition holds for every atom of dimension less then p. Suppose also 
that A = tt[i,a] x x zi;[A;,£] is a p-dimensional atom. If j < J, then it is easy to see 

that -Fj(A) = 0, as required. If j > J, then we have 

F]{X) 

= F]{lntXUd-XUd+X) 
D F]{d^X) 

D F]{u[i,a] X v[j - l,i-y] X w[k,e]) 
= u[i, a] X w^[k, e] 

since u[i, a] x v[j — 1, (— )*] x w[k, e] is an atom of dimension p — 1; the reverse inclusion holds 
automatically; so F]{X) = u[i,a] x w^[k,e], as required. Now suppose that j = J. Then, by 
Lemma |2.1.2| , d'^X is the union of atoms u[i' , a'] x v[j', f3'] x w[k', e'] with i' + j' + k' = p — 1 
such that 

1. if i' = i, then a' = a; if i' = i — 1, then a' = 7; 

2. if f = j, then P' = (5- if j' = j - 1, then (3' = (-)S; 

3. if k' = k, then e' = e; if k' = k - 1, then e' = (-)'+-^7. 

It follows easily from the induction hypothesis that Fj{d'^X) = d'^{u[i, a] x w^[k, e]) for every 
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sign 7. Therefore 

= F}(Int A) U F](d-X) U FJ(9-A) 

— lnt{u[i, a] X w^[k, s]) U d~{u[i, a] x w^lk, e]) U ^^(^[i, a] x w^[A;, e]) 
= u[i, a] X u'''[A;, e], 

as required. 

This completes the proof of the proposition. □ 

Now we can state one of the main results in this chapter which says that a subcomplex 
in u X V X w is a molecule if and only if it is pairwise molecular, i.e., it is 'projected' to 
molecules in (twisted) products of two infinite dimensional globes together with a natural 
condition (condition 1). 

Definition 2.1.4. Let A be a subcomplex in uxv xw. Then A is pairwise molecular if the 
following conditions hold: 

1. there are no distinct maximal atoms ^[i, a] x v[j,P] x w[k,e] and 
u[i', a'] X v[j', P'] X w[k', e'] in A such that i < i' , j < f and k < k'; 

2. Fj{A) is a molecule in x or the empty set for every integer J; 

3. Fj{A) is a molecule in u x or the empty set for every integer J; 

4. -F^(A) is a molecule in u x v or the empty set for every integer K. 

Example 2.1.5. It is easy to check that the following subcomplex oi u x v x w is pairwise 
molecular. 
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Theorem 2.1.6. A subcomplex of u x v x w is a molecule if and only if it is pairwise 
molecular. 

We end this section with a property of 'projection' maps which is used later in the thesis. 

Proposition 2.1.7. Let A and A' be subcomplexes of u x v x w satisfying condition 1 for 
pairwise molecular subcomplexes. If Ff{K) = Ff{K'), F]{A) = ^^(A') and F^{A) = (A') 
for all I, J and K, then A — A' . 

Proof. It suffices to prove that A and A' consists of the same maximal atoms. 

Let u[i, a] x (3] x w[k, e] be a maximal atom in A. It is easy to see that v (3] x w'^[k, e] 
is a maximal atom in F^[A) = F"(A'). Thus A' has a maximal atom u[i', a'] x v[j, /J] xw[k, e] 
with i' > i. Since /?] x w^[k.,£] <f_ F^_^i{A) — Fj^i(A'), we have i' — i. One can similarly 
get a maximal atom t([i,Q;] x v\j,P'] x ■«;[/;;,£:] in A'. It follows from condition 1 for pairwise 
molecular subcomplexes that a' — a and /?' = /?. This shows that u[i,a] x v[j,f5] x w[k,e] 
is a maximal atom in A'. 

Symmetrically, we can see that every maximal atom in A' is a maximal atom in A. 

This completes the proof that A = A'. □ 
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Remark 2.1.8. The above proposition does not holds without Condition 1 for pairwise 
molecular sub complexes. This can be seen from the following subcomplexes of u x v x w: 

A = u'l X X 

U ul X X Wi 

U X Vi X Wi 

U X X wf 

and 

A' = uf X Vi X wf 

U uf X Vi X Wi 

U X X 

U Ui X Vi X wf. 

2.2 Molecules Are Pairwise Molecular 

In this section, we prove that molecules in u x v x w are pairwise molecular. 

Proposition 2.2.1. Let A be a molecule in u x v x w. Then there are no distinct maximal 
atoms u[ii, ai\ x v[ji,l3i\ x w[ki,ei\ and u[i2, cx2\ x v[j2,l32\ x w[k2, £2] in A such that ii < «2, 
3i < j2 and ki < k^. 

Proof. Suppose otherwise that there are distinct maximal atoms Ai = x x 

and A2 = u[i2,Oi2\ x ^[^25/32] x ''^[^25 £2] in A such that ii < 12, ji < j2 and 
ki < k2. Then we have u[i2,a2] = u[ii, -ai], v[j2,(32] = -Pi] or w[k2,e2] = w[ki, -ei]. 
The arguments for various cases are similar, we only give the proof for the case m [22, 0^2] = 
ai], ji < j2 and ki < k2. In this case, it is easy to see that there is a natural 
homomorphism f : A4{u x v x w) ^ A4{ui-^ x v x w) of w-categories such that f{u[i,a] x 
v[j,f3] X w[k,e]) = u[i,a] x v[j,l3] x w[k,e] for i < ii and f{u[i,a] x v[j,P] x w[k,£]) = 

X t>[j, P] X ^^[A;, e] for i > ii. We are going to use this homomorphism to get a contradiction. 

Since Ai and A2 are maximal in the molecule A, it is easy to see that there is a composite of 
molecules Ai#„A2 or A2#nAi such that Ai is a maximal atom in Ai and A2 is a maximal atom 
in A2 and Ai ^ A2 and A2 ^ Ai. We may assume that Ai#„A2 is defined. In this case, we have 
(i+Ai = d~A2 = AinA2. It follows from Lemma p.. 4. 16| that n < dim Ai = ii+ji + ki. On the 



37 



other hand, since f : M.{u x v x w) ^ M.{ui^ x v x w) is a homomorphism, the composite 
/(Ai)#n/(A2) is defined; since /(Ai) C /(Ai) and /(Ai) = Ui, x v[ji,f^i] x w[ki,ei] C 
Mil X ?;[j2,/92] X w[A;2,£2] = /(A2) C /(A2), we have /(Ai) C /(Ai) n/(A2); this imphes that 
n > dim(i+/(Ai) = dim(/(Ai) fl /(A2)) > dim/(Ai) = ^1+^2 + ^3, a contradiction. 
This completes the proof. 

□ 

We have now proved that a molecule satisfies condition 1 for pairwise molecular subcom- 
plcxcs. We next prove that F^, FJ and send molecules to molecules or 0. The arguments 
for the three maps are similar. We only give the proof that FJ sends molecules in ux v x w 
to molecules in it x w"^ or the empty set. 

Let vj be a J-dimensional globe. For A a subcomplex in u x vj x w, let gj{A) = 
pr[An {u X {77} X w)], where rj e Int(wj) and pr is projection onto the first and third factors. 
Then g'j(A) C u x . We are going to show that 5'j(A) is a molecule in M{u x w^) or the 
empty set for every molecule A. 

We first investigate the image of d^X for an atom Xin u x v x w under the map g'j. 

Lemma 2.2.2. Let X = u[i, a] x vj[j, (3] x w[k, e] be an atom in the uj-complex u x vj x w 
and A, A' e M{u xvjX w). Then 

1. g'"j{X) e A{u X w-^) U {0}; 

2. IfAifnA' IS defined, then ^}(A#,A') = g}{A) U g}{A'); 

3. fl'j(A) 7^ if and only if there is a maximal atom u[i,a\ x v\j,P] x w[k,£] in A such 
that j = J; 



4. g^x) 



dp_jg}{X) when p > J and j = J, 

5 when p < J or j < J; 

Proof. The proofs of the first three conditions are trivial verification from the definition of 
gj. we now verify condition 4. 

If p < J or j < J, then it is evident that gj{dJX) = by the definition of gj. 
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Now, suppose that p > J and j = J. Then g}{X) = u[i,a] x w^[k,e]. The set of all 
maximal atoms in dJX consists of all u[l, a] x v[m, t] x w[n, uj] with I < i, m < J and n < k 



by proposition 2.1.2, where the signs a, r and u are determined as follows: 



1. if / = i, then a = a; if I < i, then a = 7; 



2. if m = j, then r = /3; if m < j, then r 



3. if n = fc, then uj = e; if n < k, then 



7; 



7- 



From this description and the formation of dp_j{u[i, a] x w'^[k, e]) in ux w"' , it is easy to see 
that gj{d'^X) = dp_jgj{X), as required. 



□ 



Now we can prove that gj sends molecules to molecules or the empty set. 
Theorem 2.2.3. Let gj:A4[uxvjXw)^ V{u x w^) be the map as above. Then 
1. gjiM{u xvjx w)) c M{u x w^) U {0},- 



2. For every molecule A in u x vj x w, we have 



d^p_jg^j{A) when p > J and g}{A) ^ 0, 
when p < J or gj{A) = 0. 



3. If Ajj^nA' is defined, then 



g}{AM 



(?}(A)#„_j(/}(A') when ^}(A) ^ and g}{A') ^ 0, 
g%A') when g%A) = 0, 

^}(A) when g%A') = 0. 



Proof. We are going to prove the first two conditions by induction and then prove the third 
condition. 



By Lemma |2.2.2| , it is evident that the first two conditions hold when A is an atom. 
Now suppose that g > 1 and the first two conditions hold for every molecule which can 
be written as a composite of less than q atoms. Suppose also that A is a molecule which 
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can be written as a composite of q atoms. Since q > 1, we have a proper decomposition 
A = A't^^A" such that A' and A" are molecules. According to the induction hypothesis, 
we know that the first two conditions hold for A' and A". We must show that the first two 
conditions in the proposition hold for A. There are two cases, as follows. 

1. Suppose that g}{A') = or g%A") = 0. We may assume that g}{A') = 0. We have 
g}{A) = gj{A"). Thus g}{A) E A4{ux w^) U {0} as required by the first condition. Moreover, 
if p ^ n, then 

= g}{d;A'i^nd;A") 
= g^idJA') U g}id;A") 

d;_jg:}{A") when p > J and ^}(A") ^ 0, 

when gj{A") = or p < J, 

d;_jg:}{A) when p > J and ^?}(A) ^ 0, 

when 6'}(A) = or p < J, 

as required by the second condition. Suppose that p = n > J. Then gj{dpA') = 0. So 
gj{dpA") = 0. Hence, by the hypothesis, one gets g}{A") = 0. Therefore g}{A) = and 
gj{d'^A) = 0, as required by the second condition. 

2. Suppose that gj{A') ^ and gj{A") ^ 0. Then there is a maximal atom A' = 
u[i', a'] X v[j', P'] X w[k', e'] in A' and a maximal atom A" = u[i", a"] x v[j", (3"] x w[k'\ e"] in 
A" such that / = j" = J. We claim that n> J. There are two follows: 

a. Suppose that both A' and A" are maximal in A. By Proposition p.2.1| , we have i' ^ i" 
and k' ^ k". So A' n A" C A' n A" = d+A' = d;^A"- Since A' n A" ^ and j = f = J and 
dim((i+A') < n, we can see that J < n, as required. 

b. Suppose that A' is not maximal in A. Then A has a maximal atom A'^ = M[z'i,a;'i] x 
v[j[, l3[] X w[k[,e[] distinct from A' with A' C A^. Hence j[ = J. It is easy to see that A'^ is 
maximal in A". So we have A' C A' fl A" = d^A' = d^A" . Since dim((i+A') < n, we have 
J < n, as required. 
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Now since g}{A) = g}{A') U gj{A"), and 

we can see that ^}(A')#n-j<7}(A") is defined, and g%A) = g}{A')i^n-jg%A"). So g%A) is 
a molecule, as required by the first condition. We now verify that A satisfies the second 
condition. If < J, then gj{d^A) — 0, as required, li p — n> J, then 

= d;-j9jiA') 

= d;-jg}{Ay, 

and similarly we have gj{d^A) = dp_jgj{A). II J < p < n, then 

9%dlA) 

= ^^-.5}(A') 
= ^-.5}(A) 



If p > J and p > n, then 



and 



^}(rf^A) 

g}(d;A'#nd;A") 
g^djA') U ^}(d^A") 
^^-.5}(A')Ud;_,^}(A"). 

C^;-75}(A') 
= <-.5}(A') 

= C-j^?}(A") 

- dn-jd;-j9}{A"), 
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thus dl_jg%P^)#r.-j<fl-j9%^') is defined and 

= ^;-.5}(A). 

Therefore A satisfies the second condition. 

Finally, condition 3 can be easily verified by using condition 2 and the fact that g^j 
preserves unions. 

This completes the proof. 

□ 

Recall that there is a natural homomorphism fj : M{u x v x w) ^ M.{u x vj x w) ol 
w-catcgorics sending every atom u[i, a] x v[j, /3] x w[k, e] to u[i^ a] x vj[i' , 13'] x w[k, e], where 
'^Af-if^'] — whenever j < J, and vj[j',(5'] — vj whenever j > J. According to the 

definitions of g} and /j, it is easy to see that Fj — 5} o /}. Thus F] sends molecules in 
u X V X w to molecules in w x or the empty set. 

We can similarly define maps g^ : A4{ui x v x w) ^ x and g^ : A4{u x v x wk) — 
u X V which send molecules to molecules or the empty set. Moreover, we have natural 
homomorphisms ff : M.{ui x v x w) and : M{u x v x wk) of a;-categories and we can 
see that Ff = g^ o fj and F^ = gK° fx- Therefore Fj and F^ sends molecules to molecules 
or the empty set. 

We have now proved the following theorem 

Theorem 2.2.4. Molecules in u x v x w are pairwise molecular. 

2.3 Properties of Pairwise Molecular Subcomplexes 

In this section, we prove some basic properties of pairwise molecular subcomplexes. In 
the next section, we are going to show that some of these properties characterise pairwise 
molecular subcomplexes in u x v x w. 
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Lemma 2.3.1. Let A be a pairwise molecular subcomplex of u x v x w and let u[ii,ai\ x 
'>j[jijl^i] X w[ki,Si] and u[i2,a2] x t'[j2j/?2] x w[k2,S2] be distinct maximal atoms in A. 

1. If ii — i2 and cti = —ck2, then A has a maximal atom u[i,a\ x v\j,f3] x w[k,£] with 

i> ii^ i2, v[j,(3] D v[ji,(3i] n w[j2,/?2] and k > min{A;i, A;2}. 

2. If ii — i2 and ai — —a2, then A has a maximal atom u[i,a\ x v\j,f3] x w[k,£] with 
i> ii — 12, j > min{ji,j2} and w[k,e] D w[ki,ei\ r\w[k2,S2]. 

3. If ji — j2 and (5i — —P2, then A has a maximal atom u[i,a] x v\j,f3] x w[k,£] with 
j > ji = j2, u[i, a] D u[ii, ai] D u[i2, 0.2] and k > min{/ci, k2}. 

4. If ji — 32 and /3i — — /?2? then A has a maximal atom u[i,a] x ^[j,/?] x w[k,e] with 
j > ji = 22, i > min{^l, ^2} and w[k, e] D w[ki, Si] fl w[k2, £2]- 

5. If ki = /c2 and £1 = —£2, then A has a maximal atom x x w[A;,£:] with 
k > ki = k2, a] D ai] Pi u[i2, 0:2] and j > min{ji, j2}- 

6. If ki = k2 and £1 = —£2, then A has a maximal atom u[i,a] x v[i,pi\ x w[k,£\ with 
k > ki = k2, i > mm{ii,i2} and v[j,P] D v[ji,pi] nv[j2,p2]- 

Proof The proof of these conditions are similar, we only prove the second one. Suppose that 
ii = i2 and ai = —0:2- Let Ai = u[ii, ai] x v\ji, (3i\ x w[ki,£i] and A2 = ^^[^2, 0,2] x f [j2, /32] x 
w[k2,£2\- Let J — min{ji,j2}. It is evident that Fj{\i) — u[ii,ai] x w^[ki,£i] C Fj{A) 
and Fj{\2) — u[i2, a2] x w^[k2, £2] C Fj{A). Since Fj{A) is a molecule in it x , it follows 
from the formation of maximal atoms in F]{A) that ^^(Ai) or F]{X2) is not maximal in 
Fj{A), and Fj{A) has a maximal atom /i — u[l,a] x w^[n,uj] with I > i and w[n,uj] Z) 
wffcijSi] or u^fn, a;] D w[k2,£2\- By the definition of Fj, it is easy to see that every maximal 
atom in Fj(A) is an image of a maximal atom in A. Therefore A has a maximal atom 
A = a] X v\j,l3] x w[k,£] with M[i,Q;] = u[l,a], j > J and w[k,£] = w[n,uj], as required. 
This completes the proof. □ 

The next property says that certain signs in a pair of 'adjacent' maximal atoms of a 
pairwise molecular subcomplexes are related. Before we prove this property, we need to give 
the precise definition of adjacency of a pair of maximal atoms. 
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Definition 2.3.2. Let A be a subcomplex. A pair of distinct maximal atoms Ai = u[ii, ai] x 
v[ji,Pi] X w[ki,ei] and A2 = u[i2,a2] x v[j2,l32] x w[k2,e2] in A is adjacent if, for every 
maximal atom A = M[i,Q;] x v[j,(3] x w[k,e] in A with i > min{ii,i2}, j > min{ji,j2} and 
k > min{A;i, k2}, one has 

min{ii, i} + min{ji, j} + min{A;i, k} 
= min{ii, {2} + min{ji, J2} + min{A;i, k2} 

or 

min{i2, i} + min{j2, j} + min{A;2, k} 
= min{ii, i;2} + min{ji, ^2} + min{A;i, k2}. 
The following proposition may be helpful to understand the concept of adjacency. 

Proposition 2.3.3. Let A be a subcomplex satisfying condition 1 for pairwise molecular 
subcomplexes. A pair of distinct maximal atoms Ai = M[ii,Q;i] x v[ji,l3i\ x wf/cijei] and 

A2 = M[^2,tt2] X v[j2,P2] X 'w[k2,S2] in A is adjacent if and only if the following conditions 
hold. 

• Ifii — Z2, then there is no maximal atom u[i, a] x v\j, (3] x w[k, e] such that i > ii — i2, 
j > min{j2, J2} o-nd k > min{A;i, k2}. 

• If ji — j2; then there is no maximal atom u[i, a] x v[j , P] x w[k, e] such that j > ji — j2, 
i > min{i2, ^2} and k > min{A;i, k2}- 

• Ifki — k2, then there is no maximal atom u[i, a] xv[j, (5] xw[k., e] such that k > ki — k2, 
i > min{i2, 12} and j > min{j2, j2}• 
• //ii > 12 and ji > j2, then there is no maximal atom u[i,a\ x v[j,(5] x w[k,e\ such 

that i > i2, j > j2 and k > ki; and there is no maximal atom u[i, a] x v[j, (3] x w[k, e] 
such that i > 12, j > j2 and k > ki. 

• If ii > 12 and ki > k2, then there is no maximal atom u[i,a\ x x t(;[A;,£] such 
that i > i2, j > ji and k > k2; and there is no maximal atom u[i, a\ x j3] x w[k., e] 
such that i > i2, j > ji and k > k2. 
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• If ji > j2 and ki > k2, then there is no maximal atom u[i,a] x f[j,/3] x such 
that i > ii, j > j2 and k > k2; and there is no maximal atom u[i, a] x v[j, (3] x w[k, e] 
such that i > ii, j > 32 and k > k2- 

Proof. The proof is a straightforward verification from the definition of adjacency and con- 
dition 1 for pairwise molecular subcomplexes. □ 



Example 2.3.4. For the subcomplex in Example |2.1.5| , all the adjacent pairs of maximal 
atoms are 

X V2 y< Wi and x x w^; 

X V2 y< Wi and Ug x Vi x W2] 

X V2 y< and x V2 x w^; 

u'^ X V2 X and Ug x Vi x W2', 

X V2 X. and x Vi x w^; 

u'r^ X V2 X and x Vq x w^; 

X V2 X and u'^ x Vq x Wq] 

Ui X V2 X Wg and Ug x Vi x W2] 

Ui X V2 X Wg and x x Wq] 

Ui X V2 X and x Vi x Wg] 

Ui X V2 X and U2 x Vq x Wg] 

Ug X X W2 and Ug x Vq x w^] 

X Vi X Wq and x Vq x Wj] 

Uq X vf X Wg and U2 x Vq x Wg] 
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X X and x x w\ 



■Ug X X w\ 



'q and ^4 X X w, 



X Vq X w. 



and ^2 X X tOg . 



Let A be a subcomplex oiuxvxw satisfying condition 1 for pairwise molecular subcom- 
plexes. Let J be a fixed non-negative integer. A maximal atom u[i, a] x v[j, 13] x w[k^ e\ in A 
is (f , J) -projection maximal if j > J and there is no maximal atom u[i\ a'] xv\j\ (5'] xw[k' , e'] 
with i' >i, J < f < j and k' > k. 

Similarly, we can define a maximal atom to be {u^ I) -projection maximal and {w^K)- 
projection maximal. 

It is evident that a maximal atom A in A is {v, J)-projection maximal implies that Fj{X) 
is maximal in Fj(A). Conversely, for every maximal atom /j, in Fj(A), there is a maximal 
atom ij,' in A such that Fj{ii') = /x. The following proposition implies that fj,' is actually 
{v, J)-projection maximal. 

Proposition 2.3.5. Let A be a pairwise molecular subcomplex of u x v x w and X be a 
maximal atom in A. Then 

1. X is {u, I)-projection maximal if and only if Fj{X) is maximal in Fj{A). 

2. X is {v, J)-projection maximal if and only if F]{X) is maximal in FJ(A). 

3. X is {w, K) -projection maximal if and only if F^{X) is maximal in F^(A). 

Proof. The arguments for the three cases are similar. We only give the proof for the second 
one. 

Suppose that A is not (v, J)-projection maximal. Let A — u[i,a] x v[j,(5] x w[k,e\. 
Then there is a maximal atom A' = u[i' , a'] x v\j' , (3'] x w[k' , e'\ in A such that J < j' < j 
i' > i and k' > k. By condition 1 for pairwise molecular subcomplexes, we have i' > i 
or k' > k. If D M[i,Q;] and w[k',e'] D w[k,e], then it is evident that F]{X) ^ 

Fj{ii) so that Fj{X) is not maximal in Fj[A). Now suppose that a'] 7^ u[i.,a\ or 
w[k\e'] 7^ M[i',Q;'] = ti[i, — a] or w[k',e'] — w[k.,—e]. Thus we can get a maximal 
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atom A" = u[i",a"] x v[j",l3"] x w[k'\e"] such that J < j" < j and u[i",a"] D u[i,a\ and 
w[k", e"] D w[k,e] by applying Lemma |2.3.1| . It follows that Fj{X) is not maximal in FJ(A). 



Conversely, suppose that Fj{X) is not maximal in F]{X). It follows evidently from the 
definition that A is not {v, J)-projection maximal. 
This completes the proof. 

□ 



Example 2.3.6. For the subcomplex in Example |2.1.5| , there is no {v, J)-projection maximal 



atoms for J > 2. The {v, 2)-projection maximal atoms are 

% X i;+ X w^, 
Ui X V2 X wt- 



The (f , l)-projection maximal atoms are 



Uq X Vi X W2, 



u. xvJ X w. , 



xv^ X w^, 



Ui X V2 X Wg , 

Uq X Vi X Wg. 

The (f , 0)-projection maximal atoms are 

Ug X Vi X W2, 

XVq X w^, 
M5 X t;+ X w^, 
Uj X X w^, 



U2 X Vq X Wg . 



One can similarly work out all the (u, /)-projection maximal atoms and all the [w, K)- 
projection maximal atoms. 
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Lemma 2.3.7. Let A be a pairwise molecular suhcomplex of ux v x w. Let Ai = u[ii, ai] x 
''^[jijPi] ^ ""^[^ijf^i] (ind A2 = u[i2,a2] x v[j2,/32] x w[k2,e2] be a pair of adjacent maximal 
atoms in A. 



1. If ii > 12 and ji < j2, then there is a pair of adjacent {w, K)-projection maximal atoms 
\'i = u[i[,a'i] X v[j[,(3[] X w[k[,6[] and A2 = u[i2,a'2] x v[j2, l3'2\ x w[k2,e2] with K = 
min{A;i, ^2} such that u[i'2, o!-^ = u[i2, 0:2], v[j[, f3[] = v[ji, Pi] and mm{k[, k'2} = K. 

2. If ii > i2 and ki < k2, then there is a pair of adjacent {v, J) -projection maximal 
atoms \[ = u[i[,a[] x v[j[, (3[] x w[k[,e[] and X'2 = M[i2,«2] ^ "^[^25/^2] ^ ""'[^2)^2] '"^^^^ 
J = minjji, ^2} such that u[i'2, a'2\ = ■u[i2,a2]; ""^[^'i, f^'i] = w[ki,ei] andm.m{j[, j2} = J. 

3. If ji > j2 and ki < k2, then there is a pair of adjacent {u, I) -projection maximal 
atoms X'l = u[i[,a[] x v[j[, P[] x w[k[,e[] and A2 = tt[i2,tt2] ^ "^1/2 5/^2] ^ ^[^2)^2] '^'^^^ 
I = min{ii, ^2} such that v[j'2, P'2] = v[j2, P2], w[k[, e[] = w[ki, Si] and mm{i[, i'2} = I. 

Proof. The arguments for these three cases are similar. We only give the proof for the second 
case. 

Let X[ = u[i[,a'i] x v[j[, f3\] x w[k\,e[] and X'2 = u[i'2,a'2] x v[j'2, ^2] x w[k'2,e'2\ be the 
{v, J)-projection maximal atoms such that i[ > it and k[ > kt for t = 1,2. It follows from 
Lemma ^.3.1| and the adjacency of Ai and A2 that ^[zgjag] = u[i2,C(2], it'f^'ij^'i] = it'f^ij^i] 



and min{j(, = min{ji, ^2}, and A'^ and X'2 are adjacent, as required. 

This completes the proof. □ 

Now we can prove the sign conditions for pairwise molecular subcomplexes. 

Proposition 2.3.8. Let A be a pairwise molecular subcomplex of u x v x w. Then the 
following sign conditions hold. 

Sign conditions: for a pair of adjacent maximal atoms Ai = u[ii, ai] x v[ji, Pi] x w[ki, ei] 
and A2 = u[i2,Q:2] x v[j2,P2] x w[k2,e2] in A, let i = min{zi,Z2}, j = min{ji,j2} and 
k = minj/ci, k2}. 

1. If i = ii < 12 and j = j2 < ji, then P2 = — (— )*cki/ 
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2. if i = ii < 12 and k = k2 < ki, then = —{—y~^^ai; 
3- if j = ji < 32 and k = k2 < ki, then 62 = — (— 

Proof. Suppose that ii > 12 and ki < k2. Let J = min{ji, ji}. We must prove £1 
-(-y'+'a2. 



According to Lemma |2.3.7| , we may assume that Ai and A2 are {v, J)-projection maximal. 
It is evident that Fj(Ai) = x w^[ki,ei] and Fj(A2) = u[i2,a2] x w^[k2,e2], and they 

are maximal atoms in the molecule F]{A). Moreover, by the adjacency of Ai and A2, we can 
see that F]{\i) and F]{\2) are adjacent maximal atoms in F]{A). Since ^^(A) is a molecule 
in w X , we have ei = —{—y^~^'^ct2, as required. 

The other cases can be proved similarly. 

This completes the proof. □ 

Compared with the properties for molecules in the product of two globes, there is a new 
feature caused by the middle factors, as follows. 

Proposition 2.3.9. Let A be a pairwise molecular subcomplex of u x v x w. Let Ai = 

ii[ii,cii] X v[ji,l3i] X w[ki,ei] and A2 = u[i2,a2] x v[j2,l32] x u'[A;2,£2] be a pair of adjacent 
maximal atoms in A. If ii > i2, ki < k2 and minjj'i, J2} > 0, then there is a maximal atom 
A = u[i, a] X v[j, [3] x w[k, e] such that j = minjji, j2} — 1, i > 12 and k > ki. 



Proof. Let J = min{ji, ^2}- According to Lemma |2.3.7|, we may assume that Ai and A2 are 



(f , J)-projection maximal. There are several follows. 

1. Suppose that both Ai and A2 are {v, J — l)-projection maximal. Then F7_i(Ai) and 
Fj-i{X2) are maximal atoms in the molecule F7_i(A) of the cu-complex uxw^^^. It is evident 
that Fj_i(A() = u[it, at] x w^~^[kt, et] for t = 1, 2, and Ei = — (— )*2+-^q;2 by Proposition |2.3.8 



Hence, according to the formation of molecules in w x w^~^, we can see that F7_i(Ai) and 
Fj-i{X2) are not adjacent in uxw^^^. So F7_i(A) has a maximal atom /i = u[i, a]xw^~^[k, e] 
with i > 12 and k > ki. It follows that there is a maximal atom A = u[i, a] x v[j, /3] x w[k, e] 
such that Fj_i(A) = fi and hence i > 12 and k > ki. By the adjacency of Ai and A2, we must 
have j = J — 1. Therefore A is as required. 
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2. Suppose that Ai is not {v, J — l)-projection maximal. Then there is a maximal atom 
A'^ = M[«']^,a'^] X v[j[, P[] X w[k[,e[] with j[ > J — 1 such that i[ > ii, j[ < ji and k[ > ki. 
It is evident that j[ = J — 1. If k[ > ki, then A'^ is as required. Suppose that k[ = ki and 
e'l = —El. By applying Lemma |2.3.1| to Ai and A'^^, one can get a maximal atom as required. 



The argument is similar if A2 is not {v, J — l)-projection maximal and > ^2? or if A2 is not 
{v, J— l)-projection maximal, 22 = ^2 and a2 = —a2, where A2 = u[i2, a'2] Xf [^2, P2] >^'w[k2, €2] 
is a maximal atom with j!^ = J — 1 such that 23 > 22, J2 < is and k'2 > k2. There remains 
the case that M[i2,«2] — '^[^2,«2] and w[k[,e[] = w[ki,ei]. In this case, since A'^ and A2 are 
maximal atoms with j[ = = J — 1 and e[ = — (— )*2+'^a2, it follows from Proposition p. 3. 8 
that A'^ and Ag are not adjacent in A. Therefore A has a maximal atom as required. 

This completes the proof. □ 

Proposition 2.3.10. Let A be a pairwise molecular suhcomplex ofuxvxw. If A has three 
pairwise adjacent maximal atoms Ai = 'u[«i,a;i] x x uif/Cj^i] A2 = 'ii[i,Q!2] x v[j2,l32] x 

w[k,e2] and A3 = ^[^,03] x v[j,/33] x w[k3,e2] with ii > i, j2 > j and k^ > k, then a2 = 03 
or /3i = Ps or ei = 62- 

Proof. Suppose otherwise that 02 = —0:3 and /?i = —f]^ and ei = —82- Applying Lemma 
p.3.1| to Ai and A2, one can get a maximal atom A' = x v[j',f3'] x w[k',e'] with 

k' > k, u[i', a'] D u[i, 02] and j' > j. Since Ai and A3 are adjacent, we must have i' = i and 
a' = a2 = —ct^. Since A2 and A3 are adjacent, we also have j' = j. Note that A' and A3 are 
distinct, we get a contradiction to the first condition for pairwise molecular subcomplexes. 
This completes the proof. □ 

Proposition 2.3.11. Let A be a pairwise molecular suhcomplex in u x v x w. Let Ai = 

M[ii,ai] X v[ji,Pi] X w[ki,ei] and A2 = u[i2,a2] x v[j2,P2] x ^^^[^25 £^2] be maximal atoms in 
A. 

1. If ii < Z2 and ji > j2, and if there is no maximal atom u[i,a] x v[j,(3] x w[k,e] such 
that i > ii, j > j2 and k > min{A;i, k2}, then j32 = — (— )*^q;i; 

2. if ii < Z2 and ki > k2, and if there is no maximal atom u[i,a] x v[j,P] x w[k,e] such 
that i > ii, j > min{ji, ^2} and k > k2, then £2 = — (— )*i+™™'t-'i'-'2}Q;i; 
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3. if ji < j2 ond ki > k2, and if there is no maximal atom u[i, a] x v[j, (3] x w[k, e] such 
that i > mm{ii,i2} , j > ji and k > k2, then = — (— 

Note 2.3.12. We some times say a pair of maximal atoms as in condition |l| to be (1,2)- 
adjacent; a pair of maximal atoms as in condition |^ to be (1,3) -adjacent; and a pair of 
maximal atoms as in condition]^ to be (2, 3)-adjacent. It is evident that two maximal atoms 
are (r, s)-adjacent (1 < r < s < 3) if they are adjacent. However, in general, the reverse is 
not true. For example, in the pairwise molecular subcomplex in Example |2.1.5| , the maximal 
atoms u'^ X V2 X and x Vq x are (1, 2)-adjacent, but they are not adjacent. 

Proof. The arguments for the first and the third cases are similar. We give the proof for the 
first and the second case. 

In the first case, let A'^ = u[i[, a'l] xv[j[, (3[] xw[k[,e'i] be the maximal atom in A with i[ > 
j'l > 32 and k[ > min{A;i, k2} such that j[ is minimal; let A2 = u[i'2, >^v[j2, P2] xw[k'2, €2] 
be the maximal atom in A with i'2 > ii, j'2 > J2 and k2 > min{A;i,A;2} such that i'2 is 



minimal. According to the assumption and Lemma |2.3.1| , we have tt[i'i,a'i] = and 
'^[^25/^2] — '^b2,/52]. It is evident that A'^ and Ag are adjacent. It follows from the sign 
condition for \'i and A2 that (32 = — (— )*^ai, as required. 

In the second case, we claim that Ai is adjacent to A2 so that 62 = — (— )*^+™™'f''^'-'^J'ai, as 
required. In fact, suppose otherwise that Ai and A2 are not adjacent. Then ji 7^ j2- We may 
assume that ji < j2- In this case, there exists a maximal atom A'^ = ^[i'^ja']^] x v[j'i,(3'^ x 
w[k\,e'^ such that i'^ > ii, j[ > ji and k[ > k2. By the assumption, we have i\ = ii. By 
condition 1 for pairwise molecular subcomplexes, we have j[ > ji and k2 < k[ < ki. It 
follows from Lemma p.3.9| that there is a maximal atom /i = u[l, a] x v[m, r] x w[n, uj] such 



that I > i[ = ii, m > min{j(, J2} — 1 ^ Ji and n > k2. This contradicts the assumption. 
This completes the proof. 

□ 
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2.4 An Alternative Description for Pairwise Molecular 
Subcomplexes 

In this section, we give an alternative description for pairwise molecular subcomplexes of 
u X V X w, as follows. 

Theorem 2.4.1. Let A be a subcomplex ofuxvxw. Then A is pairwise molecular if and 
only if the following conditions hold. 

1. There are no distinct maximal atoms u[i, a] x v[j, /5] x w[k, e] and u[i\ a'] x v[j\ /?'] x 
w[k\ e'] such that i < i! , j < j' and k < k'. 

2. Sign conditions: for a pair of adjacent maximal atoms Ai = u[ii, ai]xv\ji, (5i]xw[ki, Si] 
and A2 = ti[i2,Q;2] x t'[j2,/?2] x w[k2,S2] in A, let i — min{ii,Z2}; j — min{ji,j2} and 
k — mm{ki, k2}. If i — i\ < 12 and j — j2 < ji, then P2 — — (— )*Q;i; if i — ii < Z2 and 
k — k2 < ki, then 62 = —{—Y^^ai; if j — ji < j2 and k — k2 < ki, then £2 = — (— 

3. Let u[ii,ai\xv[ji, Pi]xw[ki,Si\ andu[i2,CK2\xv[j2,P2]'Xw[k2,S2\ be a pair of maximal 
atoms in A. Ifii = ^2 and = —a2, then A has a maximal atom u[i, a]xv[j, /3]xw[k, e] 
with i > ii — 12, j > min{ji,j'2} and k > min{A;i, A;2}; if ji — J2 and Pi — —(32, then 
A has a maximal atom u[i,oi\ x v[j,(5] x w[k,e\ with j > ji — j2, i > min{ii,i2} and 
k > min{A;i, k2}; if ki = k2 and ei = —62, then A has a maximal atom u[i, a] x v[j, (3] x 
w[k,e] with k > ki = k2, i > mm{ii,i2} and j > min{ji, j2}- 

4. If A has a pair of adjacent maximal atoms Ai = M[ii,Q;i] x v[ji,i3i] x w[ki,ei] and 
A2 = ■u[z2,q;2] X v[j2,/92] X w[k2,S2] with 12 < ii, ki < k2 and min{ji,j2} > 0, then 
A has a maximal atom u[i,a\ x v[j,f3] x w[k,e] with i > i2, j — min{ji,j'2} — 1 and 
k > ki. 

5. If A has three pairwise adjacent maximal atoms Ai = ii[zi,Q;i] x I'fj, x wf/Cjei] 

A2 = 'u[i,a2] X v[j2, (32] X w[k,e2] and A3 = M[i,a3] x /^s] x w[k3,e3] with ii > i, 
32 > j and ks > k, then a2 — Oi^ or (3i = (3^ or ei — 82- 
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Note 2.4.2. In condition ^ it is easy to see that (3 = — (— )*^a2 and ei = —{—yp by sign 
conditions and condition ^ 

In the last section, we have proved that the five conditions in the theorem are necessary for 
a pairwise molecular subcomplexes. The sufficiency is implied by the following Proposition 



2.4.8 and the comments after the proposition. 



Some of the following lemmas are preliminaries for the proof of Proposition 2.4.8, while 



some of them are designed for better understanding the five conditions in Theorem |2.4.1 



Lemma 2.4.3. Let A be a subcomplex ofuxvxw satisfying the five conditions in Theorem 



2.4- A - For a pair of adjacent maximal atoms Ai = ^[zijai] x t>[ji,/5i] x i(;[A;i,£i] and A 



2 



u[i2,Ci2\ X v[j2, Pq] X w[k2,S2\ ink, /et z = min{zi, 22}, j = minjji, J2} and k = Ymn.{ki,k2} ■ 

1. If i = ii < 12 and j = ji < j2, then Pi = (— )*ai; 

2. if i = ii < 12 and k = ki < k2, then e\ = {—y~^^ai; 
3- if j = ji < 32 and k = ki < k2, then 62 = {—Y Pi. 

Proof. Suppose that i = ii < i2 and j = ji < j2. By condition 1, we have ki > k2. It 
follows from sign conditions that 62 = —{—Y^^ai and 62 = —{—Y Pi. Thus Pi = (— )*ai, as 
required. 

The other cases can be argued similarly. □ 



Lemma 2.4.4. Let A be a subcomplex satisfying the five conditions in Theorem ^.4.1\ . Let 
u[ii,ai] X v[ji,Pi] X w[ki,ei] and u[i2,a2] x f[j2,/?2] x "^^[^21^2] be a pair of maximal atoms 
in A. 

1. If ii = 12, OLi = —a2, ji < 32 o,nd ki > k2, then A has a maximal atom u[i',a'] x 
''^[j'yP'] X w[k',e'] such that i' > ii = i2, v[j\p'] D v[ji,Pi\ and w[y ,e'] D w[k2,e2\; 

^- ^/ ii = 32, Pi = ~P2, H < ^2 o,nd ki > k2, then A has a maximal atom u[i',a'] x 
'>j[3\ P'] X w[k',e'] such that j' > ji = j2, u[i',a'] D M[ii,cii] and w[k',e'] D w[k2,e2]; 

3. if ki = k2, Si = —82, ii < 12 o,nd ji > 32, then A has a maximal atom u[i' a'] x 
v[3\P'] X w[k\e'] with k' > ki = k2, u[i',a'] D ?i[zi,Q!i] and v[j',P'] D v[j2,P2]- 
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Proof. The arguments for the above three cases are similar. We prove only the first case. 

Let Ai = x v[ji,f3i] x w[ki,ei] and A2 = u[i2,a2] x w[j2,/32] x w[k2,e2]- Let 

i = ii = 12- Suppose that Ai and A2 are not adjacent. Then, by the definition of adjacency, A 
has a maximal atom A'^^ = u[i'i, a'^] xv[j'^, [3']\ xw[k'i, e'^] with i'-^ > i, ji < j[ < j2 k2 < k[ < ki. 
If i[ > i, then A'^ is as required by the lemma. If i[ = i, then a[ = —ai or a[ = —02- By 
repeating this process, we can get either a maximal atom as required or a pair of adjacent 
maximal atoms A'/ = u[i'l,a'[\ x v[j'l,f3'l] x w[k'l,e'{\ and A2 = ^[zgjag] x f[j2,/32] x "^[^27^2] 
with i'l = i'^ = ii = 12, a'l = -a^', v[ji,/3i] C v[j'l,/3'l] (1 v[j'^, fS'^] and ^[^2,62] C w[k'l,s'l] n 
w[k2,e2]. In the following proof, we may assume that Ai = u[2i,q;i] x v[ji,(3i] x w[ki,ei] 
and A2 = u[i2,a2] x v[j2,l32] x w[/c2,£2] are adjacent. 

Let ai = —7, j = ji < J25 [3 = (3i, k = k2 and e = 62- Thus a2 = 'j, k = k2 < ki and 
e = ~{—y/3. By condition 3, A has a maximal atom A' = u[i',a'] x v[j',l3'] x w[k',e'] with 
^' > h j' > j and A;' > k. We choose A' such that i' is minimal. By condition 1, we have 
j' < j2 and k' < ki. Since Ai and A2 are adjacent, we have j' = j or k' = k. Now there are 
two follows. 

1. If j' = j and k' > k, we claim that (3' = (3 which means that A' is as required. 
Indeed, suppose otherwise that (3' = —f3, then, by condition 3 in Theorem |2.4.1| , there is 

a maximal atom A" = u[i", a"] x v[j", (3"] x w[k", e"] in A with j" > j, i" > i and k" > k' > k. 
This contradicts the adjacency of Ai and A2. 

The argument for the case j' > j and k' = k is similar. 

2. Suppose that / = j and k' = k. By the choice of A', it is easy to see that A' is adjacent 
to both Ai and A2. So p' = -(-)*7 and e' = {-Y+^-f. Thus e' = Since Ai is 
adjacent to A2, we can see that £2 = —{—yPi- By condition 5, one has (3' = (3\ or e' = 62- 
Therefore = /5i and e' = £2 which means that A' is as required. 

This completes the proof of the lemma. □ 



Lemma 2.4.5. Let A be a subcomplex ofuxvxw satisfying conditions 1 and 2 in Theorem 



2.4- 1\ ■ Then A satisfies condition 5 if and only if for any triple of pairwise adjacent maximal 
atoms Ai = u[ii, ai] x v[j, f3i] x w[k, ei], A2 = u[i, 02] x v[j2, P2] x w[k, £2] and A3 = u[i, as] x 
v[j,f33] X w[ks,e2] with ii > i, j2 > j and k^ > k, there is a maximal atom in A containing 

54 



M[i,7] X v[j, (— )''7] X w[k, (— )*'^''7] for 7 = + or 7 



Proof. Suppose that A satisfies condition 5 in Theorem |2.4.1| . Then a2 = as or /?i = /?3 or 

£1 = £2- 

Suppose that 02 = as and let 7 = ai = 02- Then /3i = — (— )*7 and ei = — (— )*'^"'7 
by the sign conditions. If /3s = (— )*7, then m[z,7] x f [i, (— )*7] x w[k, {—Y'^^'y] C As and 
u[i, —7] X v[j, — (— )*7] X w[k, — (— )*^"'7] C Ai, as required. If /3s = —{—Yl, then 62 = {—Y~^''l 
by the sign condition for A2 and As. Therefore 'u[i,7] x v[j, (— )*7] x w[k, {—Y^'^l] C A2 and 
u[i, —7] X v[j, — (— )*7] X w[k, —{—Y^''l] C Ai, as required. 

The other cases can be argued similarly. 

Conversely, suppose that A has a maximal atom A' = u[i', a']xv[j' , I3']xw[k', e'] containing 
u[i,y] X v[j, (— )*7] X w[k, (— )*'^"'7] for 7 = + or 7 = — . By the pairwise adjacency of Ai, 
A2 and As, it is easy to see that A' must be Ai, A2 or As. If A' = Ai, then /3i = (— )*7 and 



£1 = (— )*^''7. It follows from the sign condition in Theorem p.4.1| that a2 = as = —7, as 
required by condition 5 in Theorem p.4.1| . 
The other cases can be argued similarly. 

This completes the proof. □ 



Lemma 2.4.6. Let A be a subcomplex satisfying conditions 1, 2, 3 and 5 in Theorem \2.4-l - 
Then A satisfies condition 4 if O'nd only if, for any pair of adjacent maximal atoms Ai = 
u[ii, ai\ X v[ji, I3i\ X w[k, e] and X2 = u[i, a] x v[j2, /32] y<w[k2, £2] with i < ii, k < k2 and j = 
min{ji, J2} > 0, there is a maximal atom containing u[i, —a]xv[j—l, —{—Yc(]xw[k, 

Proof. The necessity is obvious. We now prove the sufficiency. We can assume that j = ji < 
j2, and hence e = 

By the assumption, there is a maximal atom A' = u[i' , a'] x v[j', /?'] x w[k', e'] containing 
u[i, —a] X v[j — 1, — (— )*a] x w[k, (—)*+■'«]. Thus i' > i, j' > j — I and k' > k. We claim 
that / = j — 1 and hence (3' = — (— )*«. 

Indeed, suppose otherwise that j' > j — 1. Then i' = i by the adjacency of Ai and A2. 



Hence a' = —a. Note that the proof of Lemma |2.4.4| does not use condition 4. So, by applying 



Lemma ^.4.4| to A2 and A', one can get a maximal atom A3 = u[i3, as]xv[js, Psjxwlks, £3] with 
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^3 > h is ^ j "^[^3)^3] ^ i'^[^25£2] n iy[A;',£']. Since A;2 > k, w[k',e'] D (—)*"'"•'«] = 
w[k, —e] and A;2 7^ A;', we can see that A3 is distinct from Ai and A2. This contradicts the 
adjacency of Ai and A2. 

Now, if z' > z and k' > k, then A' is as required. Suppose that i' = i. Then a' = —a and 
k' > k. Thus, by Lemma p.4.4| , A has a maximal atom A" = u[i",a"] x v[j",f3"] x w[k",e"] 
with i" > i, j" = j — 1 (by the adjacency of Ai and A2), P" = f3' = — (— )*a and k" > k' > k, 
with the required property. The argument for the case k' = k is similar. 

This completes the proof of the lemma. □ 

Lemma 2.4.7. Let A be a suhcomplex of uxv xw satisfying the five conditions in Theorem 



2.4. 1\ . Then 



1. Every maximal atom a] x ^[j, /?] x t/;[A;, e] with j = J is {v, J) -projection maximal. 

2. For every maximal atom u[i , a] x v[j , jS] x w[k , e] with j > J, there is a {v, J) -projection 
maximal atom u[i',a'] x v[j',P'] x w[k',e'] such that u[i,a] C u[i',a'] and w[k,e] C 
w[k',e']. 

3. All the {v, J)-projection maximal atoms, if exist, can be listed as Xi, ■ ■ A5 with 
Xs = u[is,as] X v[js,j3s] X 'w[ks,es] such that ii > ■ ■ ■ > is and ki < ■ ■ ■ < ks and 
Ss-i = forl<s<S. 

4- For two consecutive {v, J)-projection maximal atoms A^-i and Xg in the above list, 
either js-i = J or jg = J for 1 < s < S. 

Proof. In this proof, all the maximal atoms refer to maximal atoms with dimension of second 
factors not less than J. 

Condition |1] follows from the definition of projection maximal. 

To prove condition 0, suppose that A = w[i,a] x v[j,/3] x w[k,e] is not {v, J)-projection 
maximal. Then there is a {v, J)-projection maximal atom Ai = u[ii, ai] x v[ji, (3i] x w[ki, ei] 
such that ii > i, ji < j and ki > k. If D u[z,a;] and w[ki,ei] D w[k,e], then Ai 

is as required. Suppose that m[zi,q;i] 7^ Then ii = i and ai = —a. Moreover, we 

have ki > k hj condition 1 in Theorem |2.4.1| . Hence, by Lemma |2.4.4| , there is a maximal 
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atom A2 = M[«2,a2] x v[j2,P2] x w[k2,e2\ in A such that ^2 > h 32 < j, C v[i2,/?2] 

and w[k,e] C w[k2, £2]- This shows that u[i2, 0:2] 3 a] and tL'[A;2, £2] ^ 'w[A;, and ^2 < j- 
Therefore condition ^ holds by induction. The argument for the case i«[fci,£i] ^ w[k,e] is 
similar. 

Condition |^ follows easily from condition 4 in Theorem |2.4.1| , while Condition ^ fol- 
lows easily from the definition of projection maximal and condition 1 and condition 2 (sign 
conditions) in Theorem |2.4.1| . 

This completes the proof. □ 



Proposition 2.4.8. Let A be a subcomplex of u x v x w satisfying the five conditions in 



Theorem \2.4-A Let the {v, J)-projection maximal atoms in A be listed as Xi, ■ ■ ■ , A5 with 
K = u[is, as] X v[js, Ps] X w[ks, Eg] for 1 < s < S such that ii > ■ ■ ■ > is and ki < ■ ■ ■ < ks- 
Then F]{A) = u[ii,ai] x w^[ki,ei] U ■ ■ ■ U u[is,as] x w^[ks,es]- 



Proof. This is a direct consequence of Proposition |2.1.3| for Fj and Lemma p. 4. 7 



□ 



Corollary 2.4.9. Let A be a subcomplex ofuxvxw satisfying the five conditions in Theorem 
2.4- A - Then Fj{A) is a molecule in u x or the empty set for every non-negative integer 



J. 



We can similarly show that Ff{A) and F^{A) are molecules or the empty set for a 



subcomplex A oi u x v x w satisfying the five conditions in Theorem p.4.1| . This completes 



the proof of Theorem 2.4.1. 



2.5 Sources and Targets of Pairwise Molecular Sub- 
complexes 

In this section, we study source and target operators d'^ on pairwise molecular subcomplexes 
in u X V X w. The main result in this section is that d'^A is pairwise molecular for every 
pairwise molecular subcomplex A of u x v x w. 

Recall that d'^A is a union of interiors of atoms. We first prove that d'^A is a subcomplex 
of A. 
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Lemma 2.5.1. Let A be a subcomplex of u x v x w and A = x x be a 

p- dimensional atom in A with Int A C rf^A. 

1. If there is an atom A' = u[i', a'] x v[j', x w[k', e'] in A such that A C A' and i' > i, 
then a = 7. 

2. If there is an atom X' = u[i', a'] x v[j', /3'] x w[k', e'] in A such that A C A' and j' > j, 
then (3 = (-)*7. 

3. If there is an atom X' = u[i', a'] x v[j', (3'] x w[k', e'] in A such that A C A' and k' > k, 
then e = (— )*~'"-'7. 

Proof. Suppose that there is an atom A' = tt[i', a'] x v[j' , {3'] x w[k\ e'] in A such that A C A' 
and i' > i. Then X C u[i + l, a']xv[j , f3]xw[k, C A and dim(-u[z + l, a'] xv[j, (3] xw[k,e]) = 
p + I. Since Int A C d'^A, we have A C d'^{u[i + I, a'] x v[j,j3] x w[k,e]). It follows easily 
from Lemma 2.1.2| that a = 7, as required. 



The arguments for other cases are similar. □ 

Proposition 2.5.2. Let A be a pairwise molecular subcomplex of u x v x w. Let X = 

u[i,a] X v[j,f3] X w[k,e] be a p- dimensional atom such that Int A C d^A. 

1. If there is a maximal atom X' in A such that i' > i, j' > j and k' > k, then a = 7; 

2. if there is a maximal atom X' in A such that i' > i, j' > j and k' > k, then (3 = (— )*7; 

3. if there is a maximal atom X' in A such that i' > i, j' > j and k' > k, then e = (— )*^-'7. 

Proof. The arguments for the three cases are similar. We give the proof for the first case. 

Since Int A C A, there is a maximal atom /i = u[l, a] x v[m, r] x w[n, u] such that A C /x. 
If /i can be chosen such that / > i, then we have a = 7 by Lemma p.5.1| , as required. 



In the following proof, we may assume that fi cannot be chosen such that I > i so that 
u[l, a] = u[i, a]. 

Suppose that there is a maximal atom A' = u[i',a'] x v[j',P'] x w[k',e'] such that i' > i 
j' > j and k' > k. Then we have v[j',P'] = v[j,—f3] or w[k',e'] = w[k,—e]. By applying 
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Lemma 2.4.4 , we may assume that v[j' ,(3'] = v[j, — /9] and m > j, or assume that w[k',e'] 



w[k, —e] and n > k. 

Suppose that w[k',e'] = w[k,—e] and n > k. Then e = (— )*^''7 by Lemma |2.5.1| . If 
min{j', m} = j, and if A' is (1, 3)-adjacent to fi, then a = a = —(—)*+•'£' = 7 by Proposition 
2.3.111 , as required. Otherwise, by the definition of adjacency or condition |^ in Theorem 



2.4. 1|, we may chose A' and /x such that min{A;', n} > k so that v[j', P'] = v[j, —(3]; according 



Lemma ^.4.4|, we may also assume that m > j; thus (3 = (— )*7. In this case, according to 



the assumptions. A' must be (1, 2)-adjacent to /i. It follows from Proposition 2.3.11 that 
a = a = — (— = 7, as required. 

Suppose that v[j', (3'] = v[j, —(3] and m > j. Then we can get a = 7, as required, by a 
similar argument. 

This completes the proof. 

□ 

Lemma 2.5.3. Let A be a pairwise molecular subcomplex of u x v x w. Let A = x 

(3] X w[k,e] be a p — 1 dimensional atom such that Int A C d'^A. 

1. If there is a maximal atom A' in A with A' D A such that i' > i and j' > j, then a = j 
or 13 = -(-)'7; 

2. if there is a maximal atom A' in A with A' D A such that i' > i and k' > k, then a = 7 
or e = — (— )*^-'7; 

3. if there is a maximal atom X' in A with X' D X such that j' > j and k' > k, then 
13 = (-)*7 ore = -{-f+^^i. 

Proof. The arguments for the three cases are similar. We give the proof for the first one. 

Suppose that there is a maximal atom A' in A with A' D A such that i' > i and j' > j. 
Then X C u[i + 1, a'] x v[j + 1,13'] x w[k, e] C A. Since Int A C d'^A, we have A C d'^{u[i + 
1, a'] X v[j + 1, (3'] X w[k, e]). It follows easily from Lemma p.l.2| that a = 7 or = — (— )*7, 
as required. 

This completes the proof. 

□ 

59 



Proposition 2.5.4. Let A be a pairwise molecular suhcomplex of u x v x w. Let A = 

u[i, a] X v[j, pi\ X w[k, e] be a p — 1 dimensional atom such that Int A C d^A. 

1. If there is a maximal atom A' in A such that i' > i, f > j and k' > k, then a = •y or 

f3 = -(-)^7; 

2. if there is a maximal atom A' in A such that i' > i, j' > j and k' > k, then a = j or 

3. if there is a maximal atom A' in A such that i' > i, j' > j and k' > k, then (3 = (— )*7 
or e = — (— )*'^-'7- 

Proof. The arguments for case 1 and case 3 are similar. We give the proofs for case 1 and 
case 2. 

1. Suppose that there is a maximal atom A' = u[i' , a'] x v[j', (3'] x w[k', e'] in A such that 
i' > i, j' > j and k' > k. If A' can be chosen such that A' D A, then we have a = 7 or 
P = — (— )*7, as required, by Lemma |2.5.3| . In the following, we assume that A' cannot be 
chosen such that A' D A so that w[k',e'] = w[k, —e]. Let Ai = ^[ii,^!] x v[ji,Pi] x w[ki,ei] 
be a maximal atom in A such that A C Ai. Then ii[ii,a;i] = or = by 

the assumption. According to Lemma ^.4.4|, we may assume that ki > k. Now there are 



several cases, as follows. 

Suppose that Ai cannot be chosen such that ii > i or ji > j. According to Lemma 
p. 4. 4 , it is easy to see that Ai and A' are adjacent. Thus a = 7 (when e = — (— )*^-'7) or 



(3 = — (— )*7 (when e = (—)*'*'•' 7) by sign conditions, as required. 

Suppose that Ai can be chosen such that ii > i. Suppose also that a = —7. Then 
''^IjiyPi] = ^[ji/^] by the assumptions. According to Lemma p.5.3| , it is easy to see that 
e = — (— )*+-'7, hence e' = (— )*+-'7. It is evident that Ai and A' are (2, 3)-adjacent. It follows 



from Proposition |2.3.11| that (3 = (3i = — (— )*7, as required. 

Suppose that Ai can be chosen such that ji > j and that Ai cannot be chosen such that 
ii > i. Suppose also that P = (— )*7. According to Lemma p^.4.4 , condition ^ in Theorem 



2.4.1| and the assumptions, it is easy to see that Ai and A' are adjacent and min{j', ji} = j + 



It follows from condition ^ in Theorem p.4.1| that there is a maximal atom A" = u[i", a"] x 
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v[j" , (3"] X w[k'\e"] such that i" > i, j" = j and k" > k. Moreover, we have P" = — (— )*a 
by Note p.4.2| . By the assumptions, we have /3" = — /3 = — (— )*7. It follows that a = 7, as 
required. 

This completes the proof for case 1. 

2. Suppose that there is a maximal atom A' in A such that i' > i, j' > j and k' > k. 
If A' can be chosen such that A' D A, then we have a = 7 or e = — (— )*7, as required, by 
Lemma |2.5.3| . In the following, we assume that A' cannot be chosen such that A' D A so that 
v[j',l3'] = v[j,—f3]- Let Ai = M[zi,ai] x v[ji,(3i] x w[ki,ei] be a maximal atom in A such 
that A C Ai. Then it[ii,ai] = or = w[A;,5] by the assumption. According to 

Lemma \2AA[ we may assume that ji > j. Now there are several CclSGS, clS follows. 

Suppose that Ai cannot be chosen such that ii > i or ki > k. Then it is easy to see 
that Ai adjacent to A'. It follows from sign conditions that a = 7 (when /?' = — (— )*7) or 
e = — (— )*^"'7 (when /?' = (— )*7), as required. 

Suppose that Ai can be chosen such that ii > i. Suppose also that a = —7. Then 
/3 = — (— )*7 by Lemma |2.5.3 , and hence (]' = —(3 = (— )*7. Moreover, we can see that A' 



and Ai are (2, 3)-adjacent. It follows from Lemma [2.3.11| that e = — (— )*^"'7, as required. 

Suppose that Ai can be chosen such that ki > k. By a similar argument as in the above 
case, we can get a = 7 or e = — (— )*^"'7, as required. 

This completes the proof. 

□ 

Lemma 2.5.5. Let x be a union of interiors of atoms in an u-complex. Then x is a sub- 
complex if and only if for every atom a in x with Int a G x and every atom b with b G a, 
one has Intb G x. 

Proof. The necessity is evident. To prove the sufficiency, it suffices to prove that for every 
atom a with Int a C x we have a G x. Note that a can be written as a union of interiors of 
atoms b with b G a. The sufficiency follows. □ 



Proposition 2.5.6. Let A be a pairwise molecular subcomplex of u x v x w. 
subcomplex. 
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Then dZA is a 



Proof. From Lemma 1.2.1C , we have already known that d^A is a union of interiors of atoms. 
By Lemma [2. 5. 5| , it suffices to prove that for every atom A with Int A C dJA and every atom Ai 
with Ai C A, one has Int Ai C d'^A. It is evident that there is a sequence A D Aj D A^ ■ ■ • D Ai 
such that the difference of the dimensions of any pair of consecutive atoms is 1. We may 
assume that dim Ai = dim A — 1. 

Let A = u[i, a] x v[j, (3] x w[k, e]. Since Int A C d'^A C A and A is a subcomplex, we have 
Ai C A C A and dim Ai < dim X < p. Suppose that /x = u[l, a] x v[m, r] x w[n, uj] is an atom 
with dim fj, = p + 1 and Ai C /i C A. We must prove Ai C djfi. 

If A C /i, then Ai C A C d'^fi since A C d'^A. If / > z + 1 or m > j + 1 or n > A; + 1, then 



we evidently have Ai C d^/i by Lemma p.l.2| . In the following, we may further assume that 
A ^ /i and that I < i + 1 and m < j + 1 and n < k + 1. Thus u[i, a] ^ u[l, a] or v[j, (3] (f_ 
t'[m,r] or tt;[A;,£:] ^ w[n,a']; moreover, if ^[2,0;] ^ v}^^a\ then we have w[/,cr] = or 
w[/,0"] = — l,cr], we also have C v\m,T\ and w[A;,£] C w\n,uj\\ if v\j,i3\ (f. tjfm, r], 

then we have v\m,T\ = v[j,—(3] or t>[m,r] = v[j — l,r], we also have C u[l,a] and 

w[k, e] C w[n, u]; if w[k, e] ^ w[n, u], then we have w[n, tu] = w[k, —e] or w[n, u] = n[A; — 1, a;], 
we also have M[z,a] C tt[/,cr] and v[j,P] C v[m,T]; Note that dim/x = p + 1 and dim A < p, 
we now have 3 C3iSGS, clS follows. 

1. Suppose that ^[/jCr] = u[i,—a] or f[m,r] = v[j,—P] or w[ri,a'] = w[k,—e]; suppose 
also that dim A = p. Then only one of the equations l = i + l, m = j + l and n = k + 1 
holds. The arguments for the three cases are similar, we only give the proof for the case 
vim, t] = v[j, —(3] and dim X = p. In this case, we must have /i = u[i + l, a] x t>[j, —f3] xw[k, e] 
or = u[i, a] y<v[j, — /9] xw[k+l,u]. Hence Ai is of the form Ai = u[i, a]xv[j — 1, (3]xw[k,e]. 

Suppose that fi = u[i + 1,0"] x v[j, —jS] x w[k,e]. Then there is a maximal atom /i' = 
u[l', a'] X v[m' , t'] x w[n', u'] such that /' > i, m' > j and n' > k. It follows from Proposition 
p.5.2| that = 7. This implies Ai C dj^, as required. 

Suppose that /i = x v[j, —(3] x w[k + l,uj]. Then there is a maximal atom /i' = 

u[l', cr'] X t>[m', r'] X w[n', u'] such that /' > i, m' > j and n' > k. It follows from Proposition 
p.5.2| that e = (— )*^-'7. This implies Ai C d^/i, as required. 

2. Suppose that l = i — 1 or m = j — loTn = k — 1; suppose also that dim X = p. The 
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arguments for these three cases are similar. We only give the proof for the case m = j — 1 
and dim X = p. In this case, we have I = i + 1 and n = k + 1 because dim fi = p+1; we also 



have Ai = u[i, a] x v[j — 1, t] x w[k, e]. To get Ai C dj^jj, by Lemma p.l.2| , it suffices to prove 
that a = 7 or 5 = {—Y^^j. 

Let A' = x v[j',f3'] x w[k',e'] be a maximal atom in A such that A C A'. Let 

n' = u[l',a'] X v[m',T'] x w[n',uj'] be a maximal atom in A such that /i C If A' can be 
chosen such that i' > i ot k' > k, then we have a = 7 or e = (— )*'^"'7 which implies that 
Ai C d^fi, as required. If there is a maximal atom /i" = u[l",a"] x v[m",T"] x w[n",uj"] 
with fi" D Ai and m" > m such that /" > z or n" > k, then, by Proposition |2.5.2| , we 
have a = 7 or £ = (— )*^''7 which implies that Ai C (i^/i, as required. Now suppose that A' 
cannot be chosen such that i' > i or k' > k. Suppose also that there is no maximal atom 
H" = u[r, a"] X v[m", r"] x w[n", to"] with fx" D Ai and m" > m such that /" > i or n" > k. 
Then u[i',a'] = u[i,a], w[k',e'] = w[k,e] and t>[m',r'] = t>[m,r]. Moreover, it is easy to see 
that A' and /i' are adjacent. It follows from the sign condition for A' and /i' that a = 7 (when 
T = — (— )*7) or £ = (— )*^-'7 (when r = — (— )*7). This implies that Ai C djfj., as required. 

3. Suppose that M[/,cr] = u[i,—a] or t>[m,r] = v[j,—P] or w[n,u>] = w[k,—e]] suppose 
also that dim A = p — 1. The arguments for these three cases are similar. We only give the 
proof for the case v[m, r] = v[j, — /5] and dim A = p — 1. In this case, we have I = i + 1 and 
n = k + 1. Moreover, we can see that Ai is of the form Ai = u[i, a] x v[j — 1, (3] x w[k, e]. 



According to Lemma |2.5.4] , we have a = 7 or e = — (— )*+-'7. This implies that Ai C d^jj,, as 
required. 

This completes the proof. □ 
We can now start to prove that d'^A is pairwise molecular for a molecular subcomplex A 



in u X V X w hj verifying conditions in Definition |2.1.4 . 

By Lemma |1.2.1(]| , the maps F/, F] and are defined on dJA for every subcomplex A 
of U X V X w. 

Proposition 2.5.7. Let A be a pairwise molecular subcomplex of u x v x w. If p > J and 

F]{A) ^ 0, then F]{d],A) = d],_jF]{A); therefore F^d^A) is a molecule m u x . 

Proof. Firstly, we prove that dl_jF]{A) C F^idJA). 
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Let u[i, a]xw^[k, e] be an atom inuxw^ such that lnt{u[i, a]xw^[k, e]) C dp_jF]{A). We 
must show that lnt{u[i, a] x w^[k, e]) C F](dJA). Clearly, we have u[i, a] x w^[k, e] C Fj(A). 
So it is easy to see that a] x v[J, P] x u'[A;, e] C A for some sign (3. We are going to prove 



Int(M[z,a] X f[J, /5] x w[k,e]) C dJA by verifying conditions in Lemma |L2.11| . It is evident 
that dim(M[i, a]xv[J, l3]xw[k,e]) < p. To verify the other conditions, we consider two cases, 
as follows. 

1. Suppose that (3 can be chosen such that P = (— )*7. Suppose also that there is an 
atom u[i', a'] x v[j' , /3'] x w[k' , e'] C A such that u[i, a] x v[j, (3] x w[k, e] C u[i', a'] x v[j' , (3'] x 
w[k', e']. Then u[i, a] x w^[k, e] C u[i', a'] x w^[k', e'] in it x . Therefore u[i, a] x w^[k, e] C 
d^-j{u[i' X w^[k',e']). It follows easily that u[i,a] x v[J, (3] x w[k,6] C d'^{u[i',a'] x 
v[j',P'] X w[k',e']), as required by the second condition of Lemma |1.2.11| . 

2. Suppose that (3 cannot be chosen such that f3 = (— )*7. Suppose also that there is an 
atom u[i', a'] x v[j', f3'] x w[k' , e'] C A such that u[i, a] x v[j, (3] x w[k, e] C u[i', a'] x v[j', (3'] x 
w[k',e']. Then j' = J and [3' = [3 = — (— )*7 from Lemma |2.5.1| . By an argument similar to 
the above case, it is easy to see that u[i, a] x t>[J, /3] xw[k, e] C a'] xv[j' , [3'] xw[k' , e']), 
as required by the second condition of Lemma p..2.11| . 

We have now shown that Int(u[i, a] x t>[J, /3] xw[k,£\) C dJ^A. It follows that Int(u[z, a] x 
w^[k,e\) = F]{lnt{u[i,a] x v[J, P] x w[k,e])) C F]{dlA). This completes the proof that 
dl.jF]{A) C F%dlA). 

Conversely, let A = x w^[k,e\ be an atom such that Int A C F]{dJA). We must 

show that Int A C dp_jFj{A). It is easy to see that there is an atom u[i, a] x v[j, P] x w[k, e] 
in A such that Int(u[i, a] x v[j, P] x w[k, e]) C (i^A and j > J. Since d"^A is a subcomplex of 
u X V X w, we can see that u[i, a] x v[J, P'] x w[k, e] C d'^A for some sign /?'. It follows that 
dim A < p — J. Clearly, we have A C Fj{A). This shows that the first condition of Lemma 
L2.11| is satisfied. To verify the other condition of p..2.11| , let // = x w^[n,uj] be an 

atom in Fj{A) such that X G fi and dim /i = p — J + 1. We must prove that A C dp_jfi. It 
is evident that there is an atom a] x v[J, r'] x w[n,uj] in A for some sign r'. If / > z + 1 
or n > k + 1, then it is evident that A C d'^fi, as required. In the following proof, we may 
assume that I < i + 1 and n < A; + 1 so that dim X = p — J ot dim X = p — J — 1. Now there 
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are various cases, as follows. 

Suppose that (3' and r' can be chosen such that (3' = t' . Then u[i^ a] x v[J, x w[k^ e\ C 
{(Ppk n {u[l,a] X v[J,t'] X w{n,ijj]) C (Pp{u[l,a\ x v[J, r'] x w[n,uj]) by Proposition |1.2.6| . It 
follows easily that A C required. 

Suppose that (3' and r' cannot be chosen such that /?' = r'. Suppose also that J > 0. 
Since d^A is a subcomplex, we know that u[i, a] x v[J — 1, ±] x w[k, e] C d'^A. This implies 
that m[2,q;] x v[J — 1,±] x t^if/Cje] C dJ{u[l,(T] x v[J,r'] x It follows easily that 

required. 

There remain the case that J = and (3' and r' cannot be chosen such that (3' = r'. If 
dim A = p, by Proposition |2.5.2| , we can get a = 7 when / > i, while e = (— )*7 when n > k; 



thus A C as required. If dim \ = p — 1, then I = i + 1 and n = /c + 1; by Proposition 



2.5.4| , we can get a = 7 or e = — (— )*7; thus A C (i^/u, as required. 
This completes the proof. 

□ 

We can prove the following two results by similar arguments. 

Proposition 2.5.8. Let A be a pairwise molecular subcomplex of u x v x w. If p > I and 

F/(A) ^ 0, then Ffid^A) = dl_,Ff{A). 

Proposition 2.5.9. Let A be a pairwise molecular subcomplex of ux v x w. If p > K and 
F-(A) ^ 0, then F-(rf^A) = rf^_^F-(A). 

We also need to show that d^A satisfies condition 1 for pairwise molecular subcomplexes 
for a pairwise molecular subcomplex A. 

Lemma 2.5.10. Let A be a pairwise molecular subcomplex. Then there are no distinct 
maximal atoms A = x x and A' = x v[j\l3'] x w[k\e'] in d'^A 

such that i < i' , j < j' and k < k' . 

Proof. Let A = x v[j,f3] x w[k,e] and A' = M[z',a'] x v[j',i3'] x w[k',6'] be a pair of 

maximal atom in d'^A such that i < i', j < j' and k < k'. We must prove that A = A'. 



Suppose that dim A < p or dim A' < p. By Lemma p..4.16| , we can see that A is a maximal 
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atom in A when dim \ < p and A' is a maximal atom in A when dim A' < p. According to 
condition 1 for pairwise molecular subcomplex A of m x f x ly, it is evident that A = A', as 
required. In the following argument, we may assume that dim A = p and dim A = p so that 
i = i', j = j' and k = k'. 

Now suppose otherwise that A 7^ A'. Then a' = —a or = —f3 or e' = —e. We 
may assume that a' = —a. In this case, we have -FJ(A) C Fj{d'^A) = dp_jFj{A) and 
similarly FJ{X') C dl_jFJ{A) by Proposition PX7| . Since dimF/(A) = dimi^^(A') = p-j 



and dim{dp_jFj (A)) < p — j, we can see that Fj{X) and FJ(A') are maximal atoms in the 
molecule dl_-FJ{A). Note that F/(A) = u[i,a] x w^[k,e] and F^{X') = u[i,-a] x w^[k,e']. 
We get a contradiction to condition 1 in Theorem |1.3.7| . 

The arguments for the case /?' = —(3 or e' = —e are similar. 

This completes the proof. 

□ 

Now we can prove the main result in this section. 

Proposition 2.5.11. Let A be a pairwise molecular subcomplex. Then so is d'^A. 

Proof. We have shown that d'^A satisfies condition 1 for pairwise molecular subcomplexes. 
Moreover, by Proposition gX7| , gX^ and |2X|, we have F^idJA) = dl_jF^{A), F]{d],A) = 



dl_jF]{A) and F^(rf^A) = dl_j^F^{A) for all J > p, J > p and K > p. Since ^/(A), FJ(A) 
and F^{A) are molecules or the empty set for all /, J and K, we can see that F^{d"^A), 
FJ{djA) and F^{d'^A) are molecules or the empty set for all /, J and K. It follows that d'^A 
is pairwise molecular. 

This completes the proof. 

□ 

The following theorem gives the algorithm of constructing d'^A for a pairwise molecular 
subcomplex A in -u x f x it;. 

Theorem 2.5.12. Let A be a pairwise molecular subcomplex. Then the dimension of every 
maximal atom in d'^A is not greater than p. Moreover, an atom of dimension less than p is 
a maximal atom in d'^A if and only if it is a maximal atom in A; an atom u[i, a] x v[j, (3] x 
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w[A;,6:] of dimension p is a maximal atom in d^K if and only if there is a maximal atom 
u[i" , a"] X v[i" , (3"] X w[k" , e"] in A such that i" > i, j" > j and k" > k, and the signs a, [3 
and 7 satisfy the following conditions: 

1. if u[i'\a"] X v[j" , 13"] x w[k" ,£"] can he chosen such that i" > i, then a = 7; otherwise 
a = a" ; 

2. if u^' ,a"\ X v\j" ,13"\ x w\k" ,e"\ can he chosen such that j" > j, then (3 = (— )*7; 
otherwise (3 = (3" ; 

3. if u[i",a"] X v[j",P"] x w[k",e"] can he chosen such that k" > k, then £ = (— )*"^-'7; 
otherwise e = e" . 



Note 2.5.13. It follows easily from condition |^ in Theorem 4.4.1 that a, j3 and 7 are well 
defined. 

Proof. Evidently, the dimension of every maximal atom in rf^A is not greater than p. Let 
Ai be the union of the atoms as described in this theorem. It is easy to see that Ai satisfies 
condition 1 for pairwise molecular subcomplexes. To prove the theorem, by Proposition |2. 1 . 7| 
it suffices to prove that F/(Ai) = F^idJA), F]{Ai) = F^idJA) and F^(Ai) = F^^idJA) for 
all J, J and K. The arguments for the three equations are similar, we prove only the second 
one. If J > p, then it is easy to see that Fj(Ai) = = F]{dJA), as required. In the 
remaining proof, we may assume that J < p. We have known that F]{d'^A) = dp_jFj{A). 
we need only to prove that Fj(Ai) = dp_jF]{A). 

By the definition of F], it is easy to see that Fj(Ai) and dp_jF{A) are subcomplexes 
of M X . We are going to prove that ^^(Ai) and cP^_jFj{A) consist of the same maximal 
atoms so that they are equal. 

Let ^ = u[i, a] x w-'[k, e] be a maximal atom in Fj(Ai). Then Ai has a {v, J)-projection 
maximal atom A of the form A = m[z,q;] x ^^[j,/?] x w[k,e]. Hence A has a maximal atom 
A' = u[i', a'] X v[j', (3'] x w[k', e'] with i < i', j < j' and k < k' . 

Suppose that j = J and i + j + k = p. Since u[i', a'] x w^[k' , e'] is an atom in Fj{A) and 
i + k = p — J, we know that d^_jF]{A) has a maximal atom of the form u[i, a"] x w^[k, e"]. 
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Moreover, we can see that there is a maximal atom iz[/,a] x f[m,r] x in A such 

that I > i, m > j and n > k ii and only if there is a maximal atom 'u[/,(t] x w^[n,uj] 
Fj{A) such that I > i and n > k; and we can also see that there is a maximal atom 
u[Z,cr] X t>[m,r] x to[n,ij;] in A such that I > i, m > j and n > A; if and only if there is a 
maximal atom M[/,cr] x w^[n,uj] in Fj{A) such that / > i and n > k. It follows from p..3.7 
that a = a" and e = e" . This implies that /i is a maximal atom in d^_jF{A). 

Suppose that j = J and i + j + k < p. Then A is also a maximal atom in A. Therefore 
H = F]{X) is a maximal atom in ^^(A). Since i + k < p — J, we know that /i is a maximal 
atom in d^_jF{A). 

There remains the case that j > J. In this case, there are no maximal atom u[l, a] x 
v[m, t] X w[n, uj] in A with / > i and m > J and n > k such that I > i or n > k. Soi = i', a = 
a', k = k' and e = e' . On the other hand, since \i = u[i, a] x w^[k, e] = u[i', a'] x w^[k', e'] = 
Fj{X'), we see that /i is a maximal atom in Fj{A). Because i' + k' = i + k<p — j<p — J, 
we know that // is a maximal atom in dp_jF]{A). 

This shows that every maximal atom in Fj(Ai) is a maximal atom in dp_jFj{A). 

Conversely, let fi = u[i,a] x w^[k,e] be a maximal atom in dp_jF]{A). Then Fj{A) 
has a maximal atom fi' = u[i',a'] x w^[k',e'] with i < i' and k < k' . Therefore A has a 
(v, J)-projection maximal atom of the form A' = u[i\ a'] x v[j\ /?'] x w[k' , e']. 

Suppose that i+k = p—J. Then Ai has a (f , J)-projection maximal atom of the form A = 
u[i, a"] X f [J, /?"] X w[k, e"]. We can see that there is a maximal atom u[l^ a] x v[m^ r] x w[n, uj\ 
in A such that I > i, m > J and n > k if and only if there is a maximal atom u[l,a]x w^[n, u] 
Fj{A) such that I > i and n > k; and we can also see that there is a maximal atom 
u[/,a"] X v[m,r] x u'[n,Ci;] in A such that I > i, m > J and n > A; if and only if there is a 
maximal atom u[l, a] x w^[n, uj] in Fj{A) such that / > i and n > k. So a" = a and e" = e. 
Since Fj{X) = u[i, a"] x w^[k, e"] = fi, we can see that /i is a maximal atom in Fj(Ai). 

Suppose that i + k < p — J . Then ^ = u[i, a] x w^[k, e] is also a maximal atom in ^^(A). 
So A has a {v, J)-projection maximal atom A' = ^^[i,^] x v[j' , f3'] x !/;[/;;,£]. Now, if j' = J, 
then i + j' + k < p; hence A' is also a maximal atom in Ai and Fj{X) = u[i,a] x w^lkje] 
is a maximal atom in FJ(Ai). Suppose that / > J. Then it is easy to see that there 
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is no maximal atom ix[/,cr] x t)[m,r] x iy[ri,a'] in A with / > i and m > J and n > k 
such that I > i or n > k. Hence Ai has a {v, J)-projection maximal atom of the form 
A" = u[i,a] X v[j",P"] X w[k,e]. Therefore we see that F]{X") = u[i,a] x w^[k,e] = /i is a 
maximal atom in Fj {Ai). 

This shows that every maximal atom in d?^_jFj{K) is a maximal atom in Fj(Ai). 

This completes the proof. 

□ 



2.6 Composition of Pairwise Molecular Subcomplexes 

In this section, we consider composition of pairwise molecular subcomplexes m u x v ^ w. 
We first give the construction of composites of pairwise molecular subcomplexes. Then we 
show that composites of pairwise molecular subcomplexes are pairwise molecular. 

Lemma 2.6.1. Let A~ and be pairwise molecular subcomplexes. If d^h~ = d~A~^, then 
for every maximal atom = u[i^,a^] x v[j^,f3~] x w[k~,e~] in A~ and every maximal 
atom A"*" = x t>[j x w[k~^,e'^] in A+ one has min{i~ ,i'^} +min{j^,j+} + 

min{fc~, k~^} < p. 

Proof. Let / = min{i~ ,i^}, m = min{j~,j+} and n = min{A;~, A;+}. Suppose otherwise 
that I + m + n > p. Then there is an ordered triple {i,j, k} with i<l, j<m, k<n and 
i + j + k = p. Since I + m + n > p, we have i<l,j <m or k<m. If z < /, then d^A^ has a 
maximal atom of the form u[i, +] x v[j, (3] x w[k, e], while d~A~^ has a maximal atom of the 
form u[i, — ] x v[j, (3'] x w[k, e'] by Theorem |2.5.12| . This contradicts condition 1 for pairwise 



molecular subcomplex dp A = dp A+. The arguments for the cases j < m and k < m are 
similar. □ 



Lemma 2.6.2. Let A and A^ be pairwise molecular subcomplexes in u x v x w . If dp A' 

dpA^ , then 

F7(A-) n F7(A+) = F7(A- n A+) = F7(ci+A-) = F^{d;A+), 

Fj(A-) n Fj(A+) = f;(a- n a+) = F]{d;A-) = F:;{dpA^) 
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and 

F-(A-) n F-(A+) = F-(A- n A+) = F-(^;+A-) = F-{d^A^) 
for all I, J and K . 

Proof. The arguments for the three formulae are similar. We give the proof for the second 
one. There are two cases, as follows. 

1. Suppose that J > p. We claim that Fj'(A-) n FJ(A+) = 0. 

Indeed, suppose otherwise that Fj{hr) fl Fj{K^) ^ 0. Then it is evident that there are 
atoms /i~ = 'u[/^, cr^] x?;[m~, r^] ^w[n~ ,uj~] in A~ and ^'^ = u[l~^, a^]xv[m~^ , T~^]xw[n'^ ,uj^] 
in A"*" such that > J > p and > J > P- According to Theorem |2.5.12| , this implies 
that there are maximal atoms m[0, a'j^] x +] x iy[0,£'] and ii[0,a'/] x — ] x -u;[0,£"]x 
in dpA~ and d~A~^ respectively. This contradicts the condition 1 for pairwise molecular 
subcomplex (i+A^ = d^A^. 

Now we have F}{d+A-) C FJ(A-nA+) C FJ(A") nFJ(A+) = 0. Therefore F]{d+A-) = 
F]{A'- n A+) = ^^(A-) n F]{A+), as required. 

2. Suppose that J < p. Since d+A' = d'A^, we have d^_jF]{A-) = F^d+A') = 
F]{d-A+) = dp_jF]{A+). Because F]{A-) and F]{A+) are molecules, we can see that 
FJ(A-)#p_jF}(A+) is defined. Hence F]{A^) f] F]{A+) = d+_jF]{A-) = F]{d+A-) C 
F]{A- n A+). Since we automatically have FJ(A~ n A+) C F]{A-) n FJ(A+), we get 
F]{A-) n F]{A+) = F]{A^ n A+) = F]{d+A-), as required. 

This completes the proof. 

□ 

Proposition 2.6.3. Let A~ and A"*" be pairwise molecular suhcomplexes. If dpA~ = d~A~^, 
then A" n A+ = (i^ A"(= dpA+); hence A"#pA+ is defined. 

Proof. Let M = dpA~ = d~A~^. It is evident that M C A^ fl A+. To prove the reverse 
inclusion, it suffices to prove that every maximal atom in A^ fl A+ is contained in M. 

Suppose otherwise that there is a maximal atom A = u[i, a] x v[j, f3] x w[k, e] in A^ fl A"*" 
such that A ^ M. Since u[i,a] x v[j,f3] = F^{X) C F;f{A~ n A+) = F;f{M), we can see 
that M has a maximal atom A' = u[i', a'] x v[j', /?'] x w[k', e'] such that a] C u[i', a'] and 
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v[j, (3] C v[j', P'] and k' > k. Because A = u[i, a] x v[j, j3] x w[k, e] is maximal in fl A+ and 
M C A" n A+, we have k' = k and e' = -e. Now we know that A U A' C A" and A U A' C A+. 
By applying Lemma [2.4.4| to A~ and A+, it is easy to see that there are maximal atoms A~ = 



u[i~ , a~] X v[i~ ,[3~] X w[k~ ,e~] in A~ and A+ = «+] x v[j^ , x w[k~^ , £+] in A+ such 
that u[i~ , a^] fl u[i'^ , a+] D u[i, a] and v[j~ , (3^] fl v[j^ , (3^] D v[j, [3] and min{A;~, k^} > k. 
Since A is maximal atom in A^ fl A+, we have k~ = k^ = k + 1 and = —s^. 

Now, we have u[i,a] x v[j,P] C Ffe+i(A-) n F;f_^^{A+) = F;f^^{A- n A+). Therefore 
A" n A+ has a maximal atom A" = u[i", a"] x v[j" , (3"] x w[k", e"] with u[i" , a"] D u[i, a] and 
v[j", (3"] D v[j, (3] and k" > k. This contradicts that A is a maximal atom in A^ fl A+. 

This completes the proof. 

□ 

The following Proposition tells us how to construct the composite of a pair of pairwise 
molecular subcomplexes of u x v x w. 

Proposition 2.6.4. Let A~ and be pairwise molecular subcomplexes of u x v x w. If 
(i+A~ = dpA^, then the maximal atoms in the composite A^#pA+ are the q-dimensional 
common maximal atoms of A" and A+ with q < p and the r -dimensional atoms in either A~ 
and A+ with r > p. 

Proof. Let A be the subcomplex of uxv xw a.s described in the proposition. We must prove 
that A = A" U A+. Clearly, we have A C A" U A+; it suffices to prove that A" U A+ C A. By 
the formation of A, we must prove that, for each maximal atom X = u[i, a] x v[j , [3] x w[k, e] 
in either A^ or A+ with i + j + k < p and such that A is not a common maximal atom 
in A~ and A+, A C A. It is easy to see that this can only happen when i + j + k = p. 
Suppose that A is a maximal atom in A''' which is not a maximal atom in A^'^. Then A 
must be a maximal atom in d^A^ = (i^ A+ which implies that A C A^'^ for some maximal 
atom A-T = u[i-^, a'^] x v[j-^ , (3'^] x w[k-^ , e'^] with i"^ + j"^ + k'^ > p. Thus A C A. 
Therefore, we have A~ U A+ C A. 
This completes the proof. 

□ 
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Now we can show that the composites of pairwise molecular subcomplexes in u x v x w 
are pairwise molecular. 

Proposition 2.6.5. Let A" and be pairwise molecular subcomplexes. IfdpA~ = d~A~^, 
then A^7^pA+ is a pairwise molecular subcomplex of u x v x w. 



Proof. Let A = A #pA+. According to Lemma |2.6.1| , it is easy to see that A satis- 
fies condition 1 for pairwise molecular subcomplexes. Moreover, we have Ff{A~jj^pA^) = 
F7(A- U A+) = F7(A-) U F/(A+). 

Now suppose that p>I. We have d+_jF^{A-) = F^{d+A-) = F^{d-A+) = d-_jFY{A+). 
Thus F7(A-#pA+) = F/(A-)#p„/F/(A+). Therefore F7(A-#pA+) is a molecule. 

Suppose that p < L Then it is easy to see that F/(A^) = or F/(A+) = 0. (Otherwise, 
we have F"(A^ n A+) ^ 0. This would lead to a contradiction to Lemma p.6.1| .) Therefore 
F"(A~#pA+) is a molecule or the empty set. 

We have now proved that F^{A~^pA~^) is a molecule or the empty set for all /. 

Similarly, we can see that F]{A^^pA'^) and F^{A~^pA^) are molecules or the empty 
set for all J and K. 

It follows from Definition |2.1.4| that A is a pairwise molecular subcomplex of u x v x w. 

□ 



2.7 Decomposition of Pairwise Molecular Subcom- 
plexes 

The aim of this section is to prove the main theorem in this chapter. 

Theorem 2.7.1. If A is a pairwise molecular subcomplex ofuxvxw, then A is a molecule. 

It is trivial that the theorem holds when A is an atom. Thus we may assume that A is a 
pairwise molecular subcomplex in u x v x w which is not an atom throughout this section. 
We are going to show that A is a molecule. 

Let 

p = max{dim(A fl /x): A and /j, are distinct maximal atoms in A}. 
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Recall that p is called frame dimension of A. It is evident that there are at least two maximal 
atoms A and /i in A with dim X > p and dim ^ > p. By Lemma |2.4.4| , it is easy to see that 
p is the maximal number among the numbers min{zi, 12} + min{ji, J2} + minjfci, ^2}, where 
Ai = u[ii, ai] X v[ii, (3i\ x w[ki,ei\ and A2 = ^[^2, ^2] x v[i2, Pq] x w[k2, £2] run over all pairs 
of distinct maximal atoms in A. 

Lemma 2.7.2. Let A = u[i,a\ x v[j,l3] x w[k,e\ and X' = u[i',a'] x v[j',P'] x w[k',e'] are 
maximal atoms in A with min{i, i'} + min{j,/} + min{A;, k'} = p. 

1. If i = i' , a = —a' and j < j' , then (3 = (—)*«; 

2. If j = f, p = -p' and k < k' , then e = {-YP; 

3. Ifk = k', e = -e' and j < j' , then e = {-YP; 

Proof. The arguments for the three cases are similar, we prove only for the first case. 

Suppose that i = i', a = —a' and j < j'. According to Lemma p.4.4| , we can get 



a maximal atom A" = u[i",a"] x v[j",P"] x w[k",e"] with i" > i, v[j",P"] D v[j,P] and 
w[k",e"] D w[k',e']. Since mm{i,i'} + min{j, /} + mm{k,k'} = p, we have j" = j and 
k" = k' . Hence /?"] = v[j, P] and w[k" , e"] = w[k', e']. Moreover, it is easy to see that A, 
A' and A" are pairwise adjacent by the choice of p. It follows easily from the sign conditions 
that P = (— )*q;, as required. 
This completes the proof. 

□ 

We are going to prove that a pairwise molecular sub complex Ainuxvxwisa molecule 
by showing that A can be properly decomposed into pairwise molecular subcomplexes. This 
decomposition depends essentially on the following total order on the set of maximal atoms 
in A. 

For a pair of atoms A = u[i, a] x v[j, P] x w[k, e] and A' = u[i', a'] x v[j', P'] x w[k', e'] in 
A, we write A < A' if one of the following holds: 

• a = a' = — and i < i'; 

• a = a' = + and i > i'\ 
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• 


a = 




- and a' ■ 


= +; 






• 


i = 


i' 


are 


even. 


, a = 


--a', (3 = 


- j3' = — and j < j' 


• 


i = 


i' 


are 


even. 


, a = 


--a', (3 = 


= /?' = + and / < j 


• 


i = 


i' 


are 


even. 


, a = 


--a', (3 = 


= - and /?' = + 




I 


6 


are 


odd, 


OL = 


n' R — 


P — + ana j < j , 


• 


/ = 


l' 


are 


odd, 


a = 


a', /3 = 


/3' = - and 3' < j; 


• 


i = 


i' 


are 


odd. 


a = 


a', (3 = 


+ and (3' = -. 



It is evident that the relation < is a total order on the set of maximal atoms in A. 

Lemma 2.7.3. For any pair of maximal atoms A and X' in A with dim X > p and dim A' > p, 

if X< X', then A n A' C d+A n d^X'. 

Proof. Let A = u[i,a] x v[j,l3] x w[k,e] and A' = u[i',a'] x v[j',f3'] x w[k',e']. According to 
the choice of p, it is evident that min{z, i'} + min{j,j'} + minj/c, k'} < p. We now consider 
five follows. 

1. Suppose that min{i,i'} + min{j,j'} + min{A;, A;'} = p. Then A and A' are adjacent 
by the choice of p. According to Lemma p.7.2| and sign conditions for pairwise molecular 
subcomplexes, it is easy to see that A fl A' C d^X fl d^X', as required. 

2. Suppose that min{i, i'} + min + min{A;, k'} < p — 1. Then it is easy to see that 
A n A' C dpX n dpX', as required. 

3. Suppose that mm{i,i'} + min{j,j'} + mm{k,k'} = p — 1 and that A and A' are 
adjacent. There are two case, as follows: (1) i = i'; (2) i ^ i! . In case (1), it is evident that 
A n A' C rfp A n (ip A', as required. In case (2), it follows easily from the sign conditions that 
A n A' C (ip_]^A n dp_iX'] thus A fl A' C d^X fl dp A', as required. 

4. Suppose that min{i,z'} + min{j,j'} + min {A;, A;'} = p — 1 and that A and A' are 
not adjacent. Suppose also that i = i' or j = j' or k = k' . Then it is easy to see that 
A n A' C dp A n dp A', as required. 
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5. Suppose that mm{i, i'} + min{j, j'} + min{A;, k'} — p — 1 and that A and A' are not 
adjacent. Suppose also that i ^ i' and j ^ j' and k ^ k'. Then there are several cases, as 
follows. (1) i < i' and j < j', or i < i' and k < k'; (2) i < i' and j > j' and k > k'; (3) 
i > i' and j > /, or i > i' and k > k'; (4) i > i' and j < f and k < k'. In case (1), we have 
a — it follows easily that A n A' C rf+A fl d~X', as required. Similarly, in case (3), we have 
a' = +; this also implies that A fl A' C dpX fl d~X', as required. There remain case (2) and 
case (4). 

To give the proof for case (2), suppose that min{i, i'} + min{j,/} + min{A;, k'} — p — 1 
and that A and A' are not adjacent; suppose also that i < i' and j > f and k > k'. Then 
a = — and there is a maximal atom A" = u[i", a"] x v[j", /?"] x w[k", e"] in A distinct from 
A' such that i" > i, j" > j' and k" > k'. By the choice of p, we can see that A" is adjacent 
to both A and A', and we have i" — i + 1. According to condition 1 for pairwise molecular 
subcomplexes, we have j" > j' or k" > k'. 

In case (2), suppose that /' > j. Then min{/', j} — j' + 1 and k" — k' by the choice of 
p. Hence e" = -[-(-)'+^'+^] = -(-)'+^"- If e' = e" = -(-)^+^', then it is easy to see that 
A n A' C (ip A n d~\' , as required. If e' = —e" = (—)*+■''', then we can get e' = {—y'j3', i.e., 
(-)i'/?' = thus 13' = this implies that A n A' C ci+A n d'X', as required. 

In case (2), suppose that k" > k. Then j" — f by the choice of p. We can also 
have P" — — (— )*q; = (— by the sign conditions. If P' — (3" — (— then it is easy 
to see that A fl A' C d^X fl dpX\ as required. If 13' = —[3" = —(—)*, then we can get 
e' = {-y'l3' = -(-)*+•''; this implies that A n A' C d+X n d'X', as required. 

This completes the proof for case (2). 

To give the proof for case (4), suppose that minji, i'} + min{j,j'} + min{A;, k'} = p — 1 
and that A and A' are not adjacent; suppose also that i > i' and j < f and k < k'. Then 
a — a' — + and there is a maximal atom A" = u[i",a"] x v[j",P"] x w[k",e"] in A distinct 
from A' such that i" > i', /' > j and k" > k. By the choice of p, we can see that A" is 
adjacent to both A and A', and we have i" = i' + 1. According to condition 1 for pairwise 
molecular subcomplexes, we have j" > j or k" > k. 

In case (4), suppose that /' > j. Then min{/', /} — j + 1 and k" — k hy the choice 
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of p. Hence e" = [-(-)^'+^+^] = (-)*'+■''• li e = e" = (-)''+^ then it is easy to see that 
A n A' C dp A n dpX', as required. If e = —e" = —(—)*'+■', then we can get e = {—Y/S, i.e., 
(-)i/? = thus p' = -(-)*'; this imphes that A n A' C d+X n d'X', as required. 

In case (4), suppose that k" > k. Then j" = j by the choice of p. We can also have 
(3" = —(—)*'« = —(—)'' by the sign conditions. If /3 = P" = —(—)*', then it is easy to see that 
A n A' C rf+A n dpX', as required. If /5 = -p" = {-)'', then we can get e = {-y P = (-)*'+^'; 
this implies that A fl A' C d^X fl d~X', as required. 

This completes the proof for case (4), thus completes the proof of the lemma. 

□ 

By this lemma, we can arrange all the maximal atoms in A with dimension greater than 
p as 

Ai, A2, ■ ■ ■ , Xn 

such Aj n Xj C dpXiH d~Xj for i < j. 

Let A~ = dp A U Ai and A+ = d^A U A2 ■ ■ ■ A„. We are going to prove that A^ and A+ 
are pairwise molecular subcomplexes and A can be decomposed into A^ and A^. 

Lemma 2.7.4. A^ satisfies condition 1 for pairwise molecular subcomplexes. 

Proof. We first prove that d~Xi C d~A. Suppose that ^ G d~Xi. Then, for every maximal 
atom A' in A with ^ G A', if A' = A^ for some t > 1, then ,^ G Ai fl A^ C d^Xt = d^X'; 



if dim A' < p, then we automatically have ^ G dpX'. It follows from Lemma 11.4.17] that 
dpXi C dp A, as required. 

We now verify that A~ satisfies condition 1 for pairwise molecular subcomplexes. It 
suffices to prove that any maximal atom A = ix[i,a!] x x in dpA with i < ii, 

j < ji and k < ki is contained in Ai. By the formation of dpXi and d'A, it is easy to see 
that A is a maximal atom in d'Xi, and hence A C Ai, as required. □ 

Lemma 2.7.5. A"*" satisfies condition 1 for pairwise molecular subcomplexes. 

Proof. It suffices to prove that any maximal atom A = u[i, a] x P] x e] in dp A with 
i < hi j < it and k < kf for some 2 < t < n is contained in some A^ for 2 < s < n. It is 
evident that i + j + k = p. 
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Let r be the maximal integer between 2 and n such that i < ir, j ^ jr and k <k^. Then 
dpXr has a maximal atom A' = a'] ^v[j, (3'] x w[A;, e']. By the choice of r, it is evident that 
Int A' n At = for any t > r. Moreover, for any 1 < s < r, we have A' fl As C A,, fl As C d^Xg. 



By Lemma |1.4.17| , it is easy to see that Int A' C d^K and hence A' C dp A. So, by condition 
1 for the pairwise molecular subcomplex (i^ A, we can see that A = A' C A^, as required. 
This completes the proof. □ 

Lemma 2.7.6. Let p > I and let Ai be [u, I) -projection maximal. Then 

1. Ff{h.^) and F'^{A'^) are molecules in x . 

2. d+_jF^{A-) = d~_jFf{K+), hence Ff{K-)i^p^iFf{K+) is defined. 

3. f;(A) = F7(a-)#p_,F7(a+). 

Proof. Since Ff preserves unions, we have Ff{k~) = Ff{d-k U Ai) = Ff{d-k) U Ff{Xi) 
and Ff{k+) = Ff{d+K U As U ■ ■ ■ U A„) = Ff{d^K) U ^/(As) U ■ • • U F7(A„). If dim Ff{Xi) = 
ji + ki < p — I, then F/(Ai) is a maximal atom in d„jFf{h) by Theorem L4.16| ; hence 



Ff{hr) = Ff{d~K) = dp_^F7(A) and similarly F;'(A+) = F7(A); it follows easily that 
F/(A-) and F/(A+) are molecules and d+_jF^{A-) = d~_^F/(A+), as required. If F^{A) = 
F7(Ai), then As are not (w, J)-projection maximal for s = 2, . . . , n; thus F" (As) = Fj (Ai fl 
As) C F/(d+Ai) = d-^_jFf{Xi) = d+_^F/(A); it follows easily that F/(A+) = Ff{d+k) = 
d+_jF^{A); it is also evident that F^{A-) = F7(Ai) = F^{A); therefore F^{A-) and F/(A+) 
are molecules and d'^_jFf{A~) = d~_jF^{A^), as required. In the following proof, we may 
assume that dimF"(Ai) > p — I and -F/"(A) has at least two distinct maximal atoms. 
Let 

q = max{dim(yU (1 fi') : fi and /i' are distinct maximal atoms in F"(A)}. 

It is clear that q < p — I hj the choice of p. Let /i = v^[m,T] x w^[n, a;] be a maximal 
atom in Fj{A) distinct from FI'(Ai). If dim(F"(Ai) fl /i) < p — I, then it is easy to see 
that -F7(Ai) n /i C d'^_jFf{Xi) fl d^_jii by the construction of molecule Ff{A) in x 
(Theorem |1.3.7 ). Suppose that dim(F/(Ai) fl yu) = p — L Then there is a maximal atom 
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A' = u[i', a'] X v[j', l3'] x w[k', e'] in A such that F^'i^X') = ^. If ii < %' and ji < j', then i\ = I 
by the choice of ai = — when ix < i' by the definition of natural order and k' < ki by 
condition 1 for pairwise molecular subcomplexes; hence Pi = — (— )^ by the sign conditions 
for Ai and A' or by the definition of natural order; thus uj = e' = {—)^^-^^ by the sign condition 
for Ai and A'; it follows easily that (Ai) H fi C dp__jF/(Ai) H d~_jfi. If ii < i' and ji > j', 
then it is easy to see that ii = I, t = P' = {—)^ and ei = — (— )-'^+™ by the sign condition 
for pairwise molecular subcomplexes or the definition of the natural order; it follows easily 
that F/(Ai) n /i C dp_jF^{\i) fl d~_jfi. If ii > i', then, by an similar argument, one can get 
F7(Ai)n^ C d^_jF^{Xi)nd~_jfi. We have now shown that F7(Ai)n/i C d+_jF^{Xi)nd-_jH 
for every maximal atom /i in F"(A). 

Moreover, we have F/(A-) = d-_jFf{K) U Ff{Xi) and 

F;'(A+) = d^_jF^{A) U |J{/i : /i is a maximal atom in F7(A) with /i ^ F7(Ai)} 



(Notice that it is possible that F7(A+) = d+ ^F7(A)). It follows from Theorem |1.4.13| that 



F/(A-) and F/(A+) are molecules in x , d^_jF^{A-) = rf-_jF/(A+) and F/(A) = 
F7(A-)#p_7F/(A+), as required. 
This completes the proof. 

□ 

Lemma 2.7.7. Let p> J and let Ai he a {y, J) -projection maximal atom. Then 

1. Fj{A~) and Fj(A+) are molecules in u x . 

2. d^_jF]{A-) = d-_jF]{A+), hence F]{A-)#p_jF]{A+) is defined. 

3. FJ(A) = FJ(A-)#,_,FJ(A+). 

Proof. Since F] preserves unions, we have F]{A-) = F]{d~A U Ai) = FJ(dp A) U FJ(Ai) and 
FJ(A+) = F]{d;A U A2 U ■ ■ ■ U A„) = FJ(ci;A) U F]{X2) U ■ ■ ■ U FJ(A„). If dimFJ(Ai) = 
ii + ki < p-J, then it is evident that F]{A~) = F]{d-A) = d-_jF]{A) and FJ(A+) = FJ(A); 
it follows easily that FJ(A-) and FJ(A+) are molecules and d+_jF]{A-) = d-_jF]{A+), 
as required. If Fj(A) = Fj(Ai), then A^ are not (f , J)-projection maximal for s 1; 
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thus F]{Xs) = F]{Xi n A,) C F]{d^Xi) = d+^jF]{Xi) = d+_jF]{A)] it follows easily that 
FJ(A+) = F]{d+A) = dl_jF%K); it is also evident that ^^(A-) = FJ(Ai) = F}(A); there- 
fore ^^(A") and F3'(A+) are molecules and dp_jFj{A~) = d~_jF]{A~^), as required. In the 
following proof, we may assume that dimFj(Ai) > p — J and F]{A) has at least two distinct 
maximal atoms. 
Let 

q = max{dim(yU fl /i') : /i and /i' are distinct maximal atoms in Fj{A)}. 

It is clear that q < p — J hj the choice of p. Let /i = a] x w^[n,uj] be a maximal atom 
in Fj{A) distinct from Fj(Ai). If dim(Fj(Ai) H fi) < p — J, then it is easy to see that 
-^j (-^i) n C dp_jFj{Xi) n dp_jfi by the construction of molecule -^^(A) in uxw^ (Theorem 
|1.3.7|) . Now suppose that dim(F}'(Ai) fl//) = p—J. Let A' = u[l, a] x v[j' , (3'] x w[n,uj] be the 
{v, J)-projection maximal atom in A such that F]{X') = /i. Then dim A' > p. We can also see 
that min{ji, /} = J by the choice of p and A is adjacent to A'. Since Fj{A) is a molecule in 
u X , we have ii ^ I and ki ^ n. If ii < I, then ai = — and ki > n; it follows from the sign 
condition for Ai and A' that u = (— which implies that F}'(Ai)n/i C d'^_jFj{Xi)r\d~_jjjL. 
Similarly, if ii > I, then ai = + and ki < n; it follows from the sign condition for Ai and A' 
that El = -(-)'+-^ which implies that ^^(Ai) n fi C d^_jF]{Xi) n c?p_jyU. 
Moreover, we have F]{A-) = d~_jF]{A) U F]{Xi) and 

FJ(A+) = d^_jF]{A) U : /X is a maximal atom in F;(A) with /x ^ F;(Ai)}. 



According to Proposition |L4.13| , we can see that Fj{A ) and Fj(A+) are molecules in it x w^, 



d;_jF]iA-) = d~_jF]{A+) and FJ(A) = F}(A-)#p_jF}(A+), as required. 
This completes the proof. 



□ 



Lemma 2.7.8. Let p> K and Ai he a {w, K)-projection maximal atom. Then 
1. F^(A~) and F^(A+) are molecules in u x v. 

2- dt-K^Ki^-) = d-_^F^{A+), hence F]^(A-)#p_^F^(A+) is defined. 
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3. F-(A) = F»(A-)#,,;,F-(A+). 
Proof. The argument is similar to the proof of Lemma |2.7.7 . 



□ 



Proposition 2.7.9. Let K he a pairwise molecular subcomplex. Then 

1. h~ and are pairwise molecular suhcomplexes. 

2. dp A" = dpA^, hence the composite A^#pA+ is defined. 

3. A = A-#pA+. 

Proof. If Ai is not a (f , J)-projection maximal atom in A, then it is easy to see that Fj(A~) 
F]{d-A) and FJ(A+) = F]{A) by the choice of p and Lemmas and hence ^^(A- 



~p ■ 



and Fj(A+) are the empty set or molecules in m x w . Similarly, if Ai is not (m, /)-projection 
maximal atom in A, then Ff{A~) and Ff{A^) are molecules in x or the empty set; if 
Ai is not {w, i(')-projection maximal atom in A, then F^(A^) and F^(A+) are molecules in 
u ^ V oi the empty set. 

According to the above argument and Lemmas |2.7.6| to p.7.8| , we can see that F"(A~), 



F;'(A+), F}'(A-), F}(A+), F^(A-) and F^(A+) are molecules in the corresponding u- 
complexes or the empty set for all /, J and K. Thus A~ and A+ are pairwise molecular. 

Now, if p > J and Ai is not {v, J)-projection maximal, then Fj{dpA~) = dp_jFj{A~) = 
d;_jF]id;A)) = dp_jF%A) = rf;_,FJ(A+) = F%d-A+)- if p < J, then F]{d;A-) = 
= F]{dpA+). It follows from Lemmas gX6| to pX8| and Propositions p37| to gX9| that 
F7(rf+A-) = F7(rf;A+), F%d+A-) = FJ(d;A+) and F^{d+A-) = F^{d-A+) for all /, J 
and K. By Lemma [2. 1.7] , we can see that d^A" = dpA^. Hence A^^^pA"*" is defined. Clearly, 
we have A = A" U A+. Therefore A = A"#pA+. 

This completes the proof. □ 

We have now proved that a pairwise molecular subcomplex A in u x v x w can be 
decomposed into pairwise molecular subcomplexes A = A^#pA+. It is evident that this is a 
proper decomposition. By induction, we can see that A can be eventually decomposed into 



atoms. Thus A is a molecule. So we get the proof for Theorem p. 7.1 
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Chapter 3 

Construction of Molecules in the 
Product of Three Infinite-Dimensional 
Globes 



According to Proposition |2.2.1| , the maximal atoms in a molecule of m x t> x w can be listed 

X w'j 

Jr i^r 



as Ai, A2, . . . , Xr with = x t>^'' x wl'' such that ji > ■ ■ ■ > Jr and such that v > v+i 



when 1 < r < R and jr = jr+i- 

In this chapter, we aim to construct molecules by listing their maximal atoms as described 
above. The point in this chapter is that this is easily achieved inductively. In more detail, 
let maximal atoms Ai, . . . , A^ be an initial segment of the list. One can easily determine 
whether Ai U ■ ■ • U Ar is already a molecule and determine the set of possible next maximal 
atoms Aj.+i. 

Throughout this chapter, the {v, J + l)-projection maximal atoms in a subcomplex of 
u X V X w are called the lowest maximal atoms above level J. An atom with dimension of 
second factor equal to J is said to be at level J, while an atom with dimension of second 
factor great than J is said to be above level J. For the convenience of the statement, we 
allow J to be —1. 
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3.1 Another Description of Molecules 

In this section, we give another description of molecules in terms of the second factor on 
which the construction of the molecules is based. 

Proposition 3.1.1. Let A be a subcomplex. Suppose that all the maximal atoms above level 
J satisfy all the conditions in Theorem \2.4-A - Suppose also that all the maximal atoms at 
level J together with all the lowest maximal atoms above level J satisfy all the conditions in 
Theorem ^.4- A Then all the maximal atoms above level J — 1 satisfy all the conditions in 
Theorem \2.4-% 



Proof. Let A = a] x x t/;[A;,£:] be a maximal atom above level J. Suppose that 

A is not lowest above level J . Then j > J + 1 and there is a lowest maximal atom A' = 
X v[j',j3'] X w[k\£'] above level J such that i' > i, J < j' < j and k' > k. Let 
H = u[l,a] X v[J, r] X tt)[r2,,a;] be a maximal atom at level J. Note that there are no three 
pairwise adjacent maximal atoms as in the hypothesis of the condition 5 such that two of 
them are at level J and one of them is above level J and not lowest, hence the condition 5 
is automatically satisfied by maximal atoms above level J —1. Now, it suffices to prove that 
A and /i satisfies the conditions 1 to 4. 

The condition 1 for A and /i follows easily from the condition 1 for A' and ^. 

To verify the conditions 2, 3 and 4 for A and suppose that A and /i are adjacent. Then 
i > I OT k > n. The arguments for these two cases are similar. We only give the proof for 
the case i > I. 

Suppose that i > I. Then A; < n by condition 1 for A and // and k' = k hj the adjacency 



of A and /i. Hence e' = e hy condition 3 in Theorem |2.4.1| for A and A' and the adjacency of 
A and fi. Moreover, we can see that i' > i hj condition 1 for A and A'. Thus the condition 3 
for A and /i is automatically satisfied (whenever i = I and a = —cr). Finally, we can see that 
the conditions 2 and 4 for A and fi follow from the corresponding conditions for A' and fi. 
This completes the proof. 

□ 

The following proposition also characterises molecules in u x v x w. 

82 



Proposition 3.1.2. Let A be a subcomplex. Then A is a molecule if and only if the following 
conditions hold for every non-negative integer J: 

1. For every non-negative integer J, all the maximal atoms u[i,a\ x I'fj,/?] x at 
level J , if there are any, can he listed by decreasing i and increasing k. 

2. Suppose that u[i,a\ x t'fi,/?] x is a lowest maximal atom above level J and 
u[l,a] X v[m,T\ X ■u;[n, a;] is a maximal atom at level J. If I < i, then n> k. 

3. Let all the lowest maximal atoms Xs = u[is,as] x v[js,/3s] x w[ks,Ss] above level J, if 
there are any, be listed as Xi, ■ ■ ■ , Xs by decreasing ig and increasing kg; let all the 
maximal atoms fj,t — u[lt, at] x v[mt, Tt] x w[nt, cot] at level J, if there are any, be listed 
as III, ■ ■ ■ , /It by decreasing It and increasing rit- 

(a) If 1 < s < S, then there exists fj,t such that It > is and Ut > kg-i- 

(b) If It > is and rit > ks-i (l<s<S), then Tt = -{-Y^as ^ -(-j-^e^-i; 
if It > ii, then Tt = -(-)'iq;i; 

if rit > ks, then Tt = -{-Yes; 

if J is the greatest dimension of second factors of maximal atoms in A, then 

Ti^ ■■■^Tt- 

(c) If 1 < t < T and if there is no Xg such that is > k and ks > nt-\, then cut-i — 
-{-y^+'at. 

(d) Suppose that rit < kg. If k+i < is t < T), or if s = S and t = T, then 
Ut = -{-y'^^-^as. 

(e) Suppose that It < is- If rit-i < ks (I < t < T) or if s = t = 1, then at ~ 

-{-f^'Ss. 

(f) Suppose that is = k- If kg > rit-i (1 < t <T), or if s — t — 1, then as = at- 

(g) Suppose that ks — rit- If is > ^t+i < t < T), or if s — S and t — T, then 

£s = UJt- 

(h) If 1 <t <T and is — k+i and ks — rit, then as — at+i or Es — oot- 
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Remark. 1. By induction, it follows easily from condition |T] and |^ in the proposition that, 
for every integer J less than the greatest dimension of second factors of maximal atoms of 
A, all the lowest maximal atoms u[is, a^] x v[is, f^s] x w[ks, above level J can be listed by 
decreasing is and increasing kg, as required by the assumption in Condition 



Y'a,\ if > i. 



2. By condition ^ in the proposition, if > ig and Ut > fc^, then = —y—) «s, ii it 
and rit > ks, then = — (— (Hence It > is and rit > ks cannot hold simultaneously 
unless Es = {—y^'^'^as-) 

3. It follows from the first part of condition ^ that Es-i = "^fts which we have 
known from earlier part of construction. 



Proof. Suppose that A is a molecule. Then A satisfies all the conditions in Theorem |2.4.1[ 
We are going to verify all the conditions in this proposition. 



Firstly, it follows easily from condition 1 in Theorem |2.4.1| that, for every integer J, all 
the maximal atoms x t'fj,/?] x at level J, if there are any, can be listed by 

decreasing i and increasing k, as required. 

Next, suppose that x v[j, jS] x w[k,e] is a lowest maximal atom above level J and 

w[/,o"] X v[m,r] X a;] is a maximal atom at level J. If / < i, then it follows easily from 



condition 1 in Theorem 12.4. 11 that n > k 



Finally, let all the lowest maximal atoms = a^] x v[js,(3s] x w[ks,es], above level 
J, if there are any, be listed as Ai, ■ ■ ■ , A^ by decreasing is and increasing kg] let all the 
maximal atoms fit = u[lt, crt] x v[mt, Tt] xw[nt, Ut] at level J, if there are any, be listed as /ii, 
• • ■ , /iT by decreasing It and increasing rit. (These can be done by condition 1 in Theorem 
2.4.1| .) We must verify conditions |3^ to By the definition of lowest, it is easy to see that 
every pair of consecutive maximal atoms in the list Ai, ■ ■ ■ , A5 are adjacent. 



3a Condition 3a follows from condition 4 in Theorem 2.4.1 



JH Condition Rbl follows from conditions 2 and 3 in Theorem 12.4.1 



33 Condition 153 follows from condition 2 in Theorem |2.4.1| since Ht-i and fit are adjacent 



under the hypothesis of condition 3c 
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Condition follows from condition 2 in Theorem p.4.1| since and /i^ are adjacent 



under the hypothesis of condition 3d 



3i Condition Rel holds by an argument similar to the proof of condition BH 



Condition ^ follows from condition 3 in Theorem |2.4.1 



3g Condition ^ also follows from condition 3 in Theorem |2.4.1 



Condition RH follows from condition 5 in Theorem 12.4.1. 



To prove the sufficiency, suppose that A satisfies all the conditions in the proposition. It 
is evident that the maximal atoms at the highest level satisfy conditions 1 to 5 in Theorem 
2.4. 1| . Suppose that J less than the highest level and all maximal atoms above level J satisfy 
conditions 1 to 5 in Theorem 2.4.1 . By induction and the proposition p.l.l| , it suffices to 
prove that all the maximal atoms at level J together with all the lowest maximal atoms 
above level J satisfy conditions 1 to 5 in Theorem |2.4.1[ 

Condition 1. By the conditions |I] and |^ in the proposition, condition 1 in Theorem ^.4.1 
is satisfied by all the maximal atoms at level J together with all the lowest maximal atoms 
above level J. 

Condition 2. By condition p3 in the proposition, a pair of adjacent maximal atoms at 



level J satisfies condition 2 in Theorem 2.4.1. Let A, be a lowest maximal atom above level 



J and let fit be a maximal atom at level J. Suppose that A^ and fit are adjacent. 

Case 1. li k > is and rit > A;^, then condition 2 for A^ and fit is satisfied by remark 2 
after the proposition. 

Case 2. Suppose that rit < kg. Then It > is and, by the adjacency of A^ and fit, we have 
It > is and It+i < is whenever t < T. Hence A^ and fit satisfy condition 2 in Theorem p. 4.1 
by conditions BB and in this proposition. 



Case 3. Suppose that k < is- The argument is similar to the above case. 

This completes the proof that all the maximal atoms at level J together with all the 



lowest maximal atoms above level J satisfy conditions 2 in Theorem 2.4.1 



Condition 3. Suppose that fit and fit+i are a pair of adjacent maximal atoms at level J. 
Suppose also that there is no maximal atom A = u[i, a] x v[j, (3] x w[k, e] above level J with 
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> It+i and k > rit, then conditions |3B implies that = r^+i, as required by condition 3 in 



Theorem 2.4.1 



Indeed, if k+i > ii or nt > ks, then it follows easily from condition ^ in the proposition 
that Tt = Tt+i, as required. If k+i < ii and nt < ks, then ki < nt and is < k+i by the 
hypothesis, i.e., is < k+i < ii and ki < nt < ks- Now let be such that z^+i < If+i < is- 
Then kg < nt by the hypothesis. So we have It > k+i > is+i and nt+i > nt > kg. So by 
condition ^ in the proposition, it is easy to see that Tt = r^+i, as required by condition 3 in 
Theorem 12.4.1. 



To finish the proof of condition 3, let be a lowest maximal atom above level J and /i^ 
be a maximal atom at level J. If ig = k, or if kg = kt, then A^j and fit are adjacent. Therefore, 
by conditions and ^ in the proposition, it is evident that condition 3 in Theorem p. 4.1 
hold for As and 

Condition 4. By conditions |3^ in the proposition, it is evident that condition 4 in Theorem 



2.4.11 is satisfied by a pair of adjacent maximal atoms at level J since they are consecutive 
in the list of lowest maximal atoms above level J — 1. Now if As is a lowest maximal atom 
above level J — 1, and if As and /i^ are adjacent, then As and fit are consecutive in the list 
of lowest maximal atoms above level J — 1. So, similar to the above case, the condition 4 in 
Theorem |2.4.1| holds for As and fit- Suppose that As is not the lowest maximal atom above 
level J — 1. Suppose also that It < ig- Then nt > kg. In this case, there must be a maximal 
atom /i' = u[l',a'] x v[m',T'] x w[n',uj'] at level J such that n' = kg. Hence /' > ig. It is 



evident that fi' and /i* are adjacent. Since we have known that condition 4 in Theorem p. 4.1 



holds for /i' and fit, we can see that condition 4 in Theorem |2.4.1| hold for As and fif If 



nt < kg, then we can see that condition 4 in Theorem |2.4.1| holds for Xg and Ht by a similar 
argument. 

Condition 5. By condition ^ in the proposition, condition 5 in Theorem |2.4.1| is satisfied 
by all the maximal atoms at level J together with all the lowest maximal atoms above level 
J. 

This completes the proof. 

□ 
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We can now characterise the sets of maximal atoms in molecules oi u x v x w. 

Let ^ be a finite and non-empty set of atoms in u x v x w. For a fixed integer J, An 
atom X v\j, (3] x w[k,e] above level J in ^ is lowest above level J if there is no atom 

u[i', a'] X v[j', f3'] X w[k', e'] in A with i' > i, J < f < j and k' > k. 

Suppose that there are no distinct atoms u[i, a] x v[j, /3] x w[k, e] and u[i', a'] x v[j', /?'] x 
w[k', e'] in A such that i < i', j < j' and k < k' . Let A be the union of atoms in A. Then it 
is evident that the maximal atoms in A are exactly the atoms in A. Moreover, it is easy to 
see that, for every integer J with J > —1, an maximal atom in A is lowest above level J in 
A if and only if it is lowest above level J in A. 

Proposition 3.1.3. Let A he a finite and non-empty set of atoms in u x v x w. Then A is 
the set of maximal atoms in a molecule if and only if the following conditions hold for every 
non-negative integer J: 

1. For every non-negative integer J, all the atoms u[i^oi\ x v[j,(3] x w[k,e\ at level J in 
A, if there are any, can he listed hy decreasing i and increasing k. 

2. Suppose that u[i, a] x v[j, /?] x w[k, e] is a lowest atom ahove level J in A and u[l, a] x 
v[m, t] X wluju] is an atom at level J in A. If I <i, then n > k. 

3. Let all the lowest atoms Xg — u[is, ag] x v[js, f^s] x w[ks, Sg] ahove level J in A, if there 
are any, he listed as Xi, ■ ■ ■ , Xs by decreasing ig and increasing kg; let all the atoms 
Ht = w[/t) cr*] X '^[^ti Tt\ X '^[^ti'^t\ level J in A, if there are any, he listed as Hi, • • • , 
fj^T hy decreasing If and increasing Uf. 

(a) For 1 < s < S, there exists /j^t such that k > is and fit > ks-i. 

(h) If It > is and Uf > ks_i (l< s < S), then Tt = as = -{-Yes-i, 

if It > ii, then Tt = -(-)*iq:i; 

ifut > ks, then n = -{-Yes; 

if J is the greatest dimension of second factors of atoms in A, then Ti = ■ ■ ■ — tt- 

(c) If 1 < t < T and if there is no Xs such that ig > k and kg > nt-i, then cut-i — 
-{-Y^'at. 
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(d) Suppose that rit < kg. If It^i < is (1 < t < T), or if s = S and t = T , then 

(e) Suppose that It < ig. If Ut-i < kg (1 <t<T)orifs = t = l, then at = 

-{-Y'^'eg. 

(f) Suppose that ig = U- If kg > Ut-i (1 < t < T), or if s = t = 1, then ag = at- 

(g) Suppose that kg = rit- If ig > k+i (I < t < T), or if s = S and t = T, then 

Sg = Ut. 

(h) If 1 <t < T and ig = It+i and kg = rit, then ag = at+i or Sg = Ut- 

Note: By induction, it follows easily from condition |l] and condition |^ in the proposition 
that, for every integer J less than the greatest dimension of second factors of atoms in A, all 
the lowest atoms u[ig, ag] x v[ig, [3g] xw[kg, Sg] above level J in ^ can be listed by decreasing 
ig and increasing kg, as required by the assumption in condition ^of the proposition. 

Proof. Suppose that A is the set of maximal atoms in a molecule A. Then an atom u[i, a] x 
v[j, [3] xw[k, e] in A is at level J in ^ if and only if it is at level J in A; u[i, a\ x v[j, pi\ x w[k, e] 
is above level J in ^ if and only if it is above level J in A; while u[i, a] x v[j, (3] x w[k, e\ 
is lowest above level J in ^ if and only if it is lowest above level J in A. So the necessity 
follows from the necessity part of Proposition ^.1.2| . 

Conversely, suppose that a finite and non-empty set A satisfy conditions |T] to ^. It follows 
from condition |l] and |^ that A is the set of maximal atoms in a subcomplex A. As in the 
proof of the necessity, an atom u[i, a]^ v[j , 13]^ w[k, e\ m A is at level J in ^ if and only if it 
is at level J in A; -{/[i, a] x /3] xw[k,e\ is above level J in ^ if and only if it is above level 
J in A; while a] x v[j, (3] x w[k, e\ is lowest above level J in ^ if and only if it is lowest 
above level J in A. Therefore the sufficiency follows from the sufficiency part of Proposition 



3.1.2 



This completes the proof □ 
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3.2 Construction of Molecules 



In this section, we propose an approach of constructing all the molecules in ux v x w based 
on Proposition |3.1.3| . The justification will be given in the next section. 



We start at the top level and go down. 

First choose top level J and a fixed sign (3 associated with the top level; then choose a 
list of atoms of the form u[is, cts] x v[J, (3] x w[ks, £s] for 1 < s < S^, where S > 1, such that 
ii > ■ ■ ■ > ig and ki < ■ ■ ■ < k§ and Ss-i = —(—)'""'" ■^a^ for s > 1. 

For an integer J with < J < J, suppose that the atoms above level J are already 
constructed. Suppose also that the lowest atoms above level J are u[is, as]xv[js, l3s]xw[ks, Eg] 
with 1 < s < such that ii > ■ ■ ■ > is and ki < ■ ■ ■ < ks- By condition 1 in Theorem |2.4.1 



the atoms at level J, if there are any, can be listed as a sequence u[lt, at] x v[J, Tt] x w[nt, Ut] 
with 1 < t < T, where T > 1, such that li > ■ ■ ■ > It and rii < ■ ■ ■ < ut- 

We are going to give all possibilities for the sequence of atoms at level J. 

We first determine the possibilities for the sequence (^i, ni, ■ ■ ■ , /-p, ut) working from left 
to right. 

1. We now determine all the possibilities for li and rti. 
We determine li as follows. 

(a) If = 1, then there may or may not be atoms at level J; if there is at least one 
atom at level J, then /i > 0. 

(b) If > 1, then there must be at least one atom at level J and li > 12- 
For a fixed /i, we determine rii as follows. 

(a) If li > ii and Es = "^cts for every s, then rii > 0. 

(b) If li > ii and if there exists s such that Eg = —{—Y^'^'^as, then < ni < /c^-^, 
where Si is the least s with Eg = —(—)*""'" "^ag. 



c) If li < ii and Es = (— for every s with s > 1, then rii > k 



(d) If li < ii and there exists s with s > 1 such that Eg = —(—)**"'" "^cts, then ki < 
ni < ks2, where S2 is the least s with s > 1 and Eg = —{—Y^'^'^ag. 
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2. Suppose that to > 1 and that It and rit for all t < to are already constructed. We are 
going to determine all the possibilities for If^ and . 

We determine It^ as follows. There are various cases. 

(a) If UtQ-i > ks and Itg-i — 0, then there are no more atoms at level J. 

(b) If TitQ-i > ks and ItQ-i > 0, then there may or may not be another atom at level 
J; if there is another atom at level J, then < kg < ko-i- 

(c) Suppose that UtQ-i = ks- Then there may or may not be another atom at level 
J. Suppose also that there is another atom at level J. If £5 = {—Y^'^'^as, then 
< /to < ho-i, if es = -i-Y^+'as, then < < is- 

(d) If 5" > 1 and A;s_i < UtQ-i < ks, then there may or may not be another atom at 
level J; if there is another atom at level J, then < ko < ko-i- 

(e) If 5" = 1 and ntp-i < ki, then there may or may not be another atom at level J; 
if there is another atom at level J, then < < ho-i- 

(f) Suppose that 1 < s < S and ritg-i — kg. Then there must be another atom at 
level J. Moreover, if = ct^, then i^+i < < Ito-u if £« = — (— )*^"'"'^q;s, 
then is+i < kg < is- 

(g) If 1 < s < 5 and kg-i < rito-i < kg, then there must be another atom at level J 
and is+i < ho < ko-i- 

(h) If 5" > 1 and < ki , then there must be another atom at level J and 

For a fixed ko , we can determine ritQ as follows. 

(a) If ko > ii ^-iid Eg = {—y^'^'^as for every s, then > ritQ-i. 

(b) If ko > ■^i ^-iid there is s such that Eg — —{—Y^'^'^as, then rito-i < < kg^, where 
S3 be the least s with Eg — —{—Y^'^'^ag. 

(c) If ko < is, then rito > max{nto-i, ks}. 
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(d) If 5 > 1 and ig^ < ko < ^54-1 for some S4, and if Eg — (— )'^"^'^q;s for every s with 
s > S4, then rito > max{ks^_i,nto-i}. 

(e) If 5 > 1 and is^ < ko < ^54-1 for some S4, and if there is s such that s > S4 and 
£s — —{—y^'^'^as, then max{ks^-i,ntQ-i} < nt^ < ks^, where S5 is the least s with 

s > S4 and £s = — (— )''^+"'q;s. 

This completes the construction of the sequence (/i, ni, • • • , It, Ut)- 
We now determine the signs at, Tt and ujt for each t. 
We can determine Tt for each t, as follows. 

1. If It > ii, then Tt — —{—Y^ai. 

2. If s > 1 and is < k is-i, then Tt — —{—Y'as- 

3. If It < is (in this case, we have rit > ks), then Tt = —{—yes- 

We now determine signs at and uJt for each t. 
We first determine ai. 

1. If /i > ii, then ui is arbitrary. 

2. If li = ii, then a"i = cki. 

3. If h < ii, then ai = 

We next determine ujt-i and cr^ for 1 < t < T. Note that there can be at most one value 
of s such that is > k and ks > rit-i by the construction of k- There are various cases, as 
follows. 

1. If there is no s such that is > k and ks > rit-i, then cut-i is arbitrary and at — 
— (— )'*+"^a;t_i for a fixed out-i- 

2. If there exists s such that is > k and ks > rit-i, then cut-i — -{-Y^'^'-'as and at — 

3. If there exists s such that is — k and ks > rit-i, then ujt-i — -{-Y^'^'-'as and at — as- 
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4. If there exists s such that ig > It and ks = rit-i, then u>t-i = £s and at = — (— 

5. Suppose that there exists s such that is = h and kg = rit-i. If Ss = {—Y'^'^as, then 
LUt^i is arbitrary and at = — (— for a fixed Ut-i. If = —{—Y'^'^ as, then 

= Es and at = Og. 

Finally, we determine ut- 

1. If fiy > A;5, then Ut is arbitrary. 

2. If ut = ks, then = £t- 

3. If < ks, then = -{-Y^'^-^as- 

This completes the construction of all the possibilities for the sequence of atoms at level 
J. Therefore, by induction, we can construct all the molecules in u x v x w. 



Remark 3.2.1. In a subcomplex as constructed in the last section, we verify that the per- 
mitted value of It and nt form non-empty intervals of integers for each t. 

By the construction of atoms at level J, it is evident that a lowest atom above level J 



and an atom at level J satisfy condition 1 in Theorem 2.4.1 



1. It is evident that the permitted value of h and rii form non-empty intervals of integers. 

2. In the construction of Itg, it is evident that the permitted values of Itg form a non- 
empty interval of integers in (c) part two and (f) part two. If fitg-i < ks, then we 
have ItQ-i > is > 0. Therefore the permitted values of in (b), (c) part one, (d) 
and (e) form a non-empty interval of integers. Finally, if s < and rit^-i < ks, then 
we have /t„_i > > is+i + 1 by condition 1 for u[is,as] x v[js,f3s] x w[ks,es] and 
u[ko-ii '^to-i] X v[J,t] X w[nt^^i,iL!to-i]- This implies that the permitted values of 
form a non-empty interval of integers in (f) part one, (g) and (h). 

3. In the construction of nt^, it is evident that the permitted values of forms a non- 
empty interval of integers in (a), (c) and (d). 
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Suppose that It^ > ig^ for some S4. Suppose also that there is s with s > such that 
Es = —(—)*""'" "^Os- Let S5 be the least s with s > S4 and Eg = "'a.). We claim 

that ritQ^i < kg^ which implies that the permitted values of forms a non-empty 
interval of integers in (b) and (e). 

Indeed, since It^-i > ho > > is^, we have nt^-i < kgr^ by the construction of It^-i 
and ntf^_i. If rito-i = kg^, then < ig^ < ig^ by the construction of It^] this contradicts 
the assumption on Itg. Therefore we have ritg-i < kg^, as required. 

Therefore, the permitted value of It and rit form non-empty intervals of integers for each t. 



Example 3.2.2. The the molecule in Example |2.1.5| is really constructed by the approach 



in this section. The construction of the example involves most of the above cases. 



3.3 Justification 

In this section, we prove that the construction in the last section indeed gives molecules in 
u X V X w. 

Lemma 3.3.1. In a subcomplex as constructed in the last section, for every level J, the 
atoms u[lt,(yt] x v[J,Tt] x w[nt,uJt] with 1 < t < T at level J satisfy li > ■ ■ ■ > It and 
ni < ■ ■ ■ < ut- 

Proof. By induction, it suffices to verify that /to < ho-i and ri^g > ntg„i in the construction 
of and nt^. 

In the construction of we have already required that < Uq-i except in (c) part 
two and (f) part two. Now if nt^-i = kg for some s, then ig < ko-i by the earlier part of 
construction (or, more precisely, by the induction hypothesis); hence It^ < ko-i in (c) part 
two and (f) part two, as required. 

In the construction of ntg, we have already required that ntg > ntg-i in all cases. 

Therefore, the atoms u[lt,(Tt] x v[J,rt] x w[nt,ujt] at level J as constructed can be listed 
by decreasing It and increasing nt for each level J, as required. 

This completes the proof. □ 
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Lemma 3.3.2. In a subcomplex as constructed in the last section, all the atoms constructed 
satisfy condition 1 in Theorem \2.4-^ - Hence all the lowest atoms u[is^ x v[jsi (3^ x w[ks., 
above level J — 1 can be listed such that ii > ■ ■ ■ > is and ki < ■ ■ ■ < kg. 

Proof. We first show that all the atoms constructed satisfy condition 1 in Theorem p.4.1. 



It is evident that all the atoms at the top level J satisfy condition 1 in Theorem |2.4.1 . 
Suppose that J < J and that all the atoms above level J satisfy condition 1 in Theorem 
2.4.1| . We are going to show that all the atoms above level J — 1 satisfy condition 1 in 



Theorem 2.4.1 



It follows from the Lemma |3.3.1| that a pair of atoms at level J satisfy condition 1 in 



Theorem p2.4.1|. Let u[i, a] x v[j, (3] x w[k, e] be an atom above level J and u[l, a] x v[J, lu] x 



iy[n,a;] be an atom at level J. If x x is lowest above level J, then it 

is evident that x v[j,P] x w[k,e] and M[/,cr] x v[J,lj] x satisfy condition 1 in 



Theorem 2.4.1 by the construction of atoms at level J. If u[i, a] x /?] x w[k, e] is not lowest 
above level J, then there is a lowest atom u[i' , a'] x t>[j', /3'] xw[k', e'] above level J with i' > i, 
j' < j and k' > k; hence condition 1 for u[i, a] x v[j, f3] x w[k, e] and u[l, a] x v[J, u] x w[n, uj] 
follows easily from condition 1 for x x and ^[/ja] x v[J, (jj] x u'[n,ijj]. 

Thus all the atoms above level J — 1 satisfy condition 1 in Theorem |2.4.1| . 
Therefore, all the atoms satisfy condition 1 in Theorem |2.4.1| . 

Now let u[i, a] x v[j, (3] x w[k, e] and u[i', a'] x v[j', x w[k', e'] be a pair of lowest atoms 
above level J. By the definition of lowest, we have i ^ i' and k ^ k'. Moreover, it follows 
easily from condition 1 for pairwise molecular subcomplexes for u[i, a] x v[j, (3] x w[k, e] and 
X v[j',f3'] X w[k',e'] that i > i' if and only ii k < k' . Hence all the lowest atoms 
w[is,Q;s] X v[is,(3s] X ^^[A;^,^^] above level J can be listed by decreasing ig and increasing kg, 
as required. □ 

Lemma 3.3.3. In a subcomplex as constructed in the last section, let all the lowest atoms 
u[is,Cis] X v[js-,l3s] X vo\ks-,^s\ above level J — 1 be listed such that ii > ■ ■ ■ > i^ and ki < 
■ ■ ■ < kg. Then m.iia{ j s-i, js} = J and is-i = — (— )*°^'^ds for every 1 < s < S . 

Proof Let u[is-i, as-i] x v[js-i,f3s-i] x w[ks-i, is-i] and u[is,as] x v[js,Ps] x w[ks,is] be a 
pair of consecutive lowest atoms above level J — 1. We first show that min{js-i, js} = J- 
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Indeed, suppose otherwise that mm{js-i, js} > J- Then we can see that u[is-i,as-i] x 
v[js-i, Ps^i] X w[ks-i,is~i] and ^[isjds] x v[js,f^s] x w[ks,is] are lowest atoms above level 
J and they are consecutive in the list for lowest atoms above level J. It follows from the 
construction that there is an atom u[l, a] xv[J, (3] xw[n, u] at level J with / > ig and n > ks-i- 
Since x v[js^i, P^-i] x w[ks^i,is^i] and u[is,as] x v[js,f3s] x w[ks,es] are lowest 

atom above level J — 1, we have i^-i > I > is and fc^-i < n < kg. This contradicts the 
assumption that ^[z^.i, a^-i] x f x «;[A;^_i, is-i] and ^[i^, a^] x v[js, [3s] x 4] 

are a pair of consecutive lowest atoms above level J — 1. 

Now we are going to show that is-i = — (— )*°^"'as for every 1 < s < S*. Note that either 
u[is-i, as^i] X v[js-i, Ps-i] X w[ks-i, e^-i] or u[is, ds] x v[js, Ps] x w[ks, is] is an atom at level 
J by the first part of the lemma. Now there are several follows. 

If both u[is-i,as~i] x v[js^i, Ps~~i] x w[ks^i,is~i] and u[is,as] x x «;[A;s,£s] are 

atoms at level J, then, by the construction of the signs for atoms at level J, it is evident 
that is-i = —(—)*''"'" "'ds for every 1 < s < S", as required. 

Suppose that u[is-i,as-i] x v[js~i, f3s~i] x w[ks^i,is-i] is an atom above level J and 
M[is,Q;s] X v[js,f3s] X w[ks,es] is an atom at level J. Then u[is,as] x v[js,(3s] x zi;[A;s,£s] = 
u[lt, cTj] xt;[J, Tt] X , cuj for some t in the construction. If t = 1, then we have u[is-i, As-i] x 
v[js-i,Ps-i] X w[ks-i,is-i] = u[ii,ai] x v[ji,(3i] x «;[A;i,£:i] and e^-i = by the 

construction, as required. If t > 1, then it is easy to see that s > 2 and u[is-^2, (^s-2] x 
v[js-2,Ps~2] X w[ks-2,is-2] = u[h-i,o-t-i] X v[J,Tt-i] X w[nt^i,Ut-i] by the first part of this 
lemma; thus we have is-i = "^d^ by the construction of signs, as required. 

Suppose that u[is-i, as-i] x v[js~i, Ps-i] x w[ks^i, is-i] is an atom above level J and 
M[is,«s] X v[js,f3s] X w[ks,is] is an atom at level J. By an argument similar to the above 
case, one can also get is-i = —(—)'""'' '^ds for every 1 < s < S*, as required. 

This completes the proof. □ 



By Proposition |3.1.3| and the remark after the statement of the proposition, it is easy to 
see that every molecule can be constructed as above. Now we are going to prove that every 
subcomplex of -u x f x constructed as above is indeed a molecule. 

Proposition 3.3.4. Let A be a subcomplex whose maximal atoms are as constructed above. 
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Then A is a molecule. 

Proof. Let ^ be a set of atoms as constructed above. It suffices to show that A satisfies all 
the conditions in Proposition p.1.3 . 



By Lemmas p.3.1| and p.3.2| , it is easy to see that conditions |] and |^ hold. 

Now let all the lowest atoms = u[is, ag] x v[js, /3s] x w[ks, Sg] with dimension of second 
factors greater than J in A, if there are any, be listed as Ai, ■ ■ ■ , A5 by decreasing ig and 
increasing kg] let all the atoms = u[lt,<7t] x v[mt,Tt] x w[nt,LjJt] with dimension of second 
factors equal to J in A, if there are any, be listed as //i, ■ ■ ■ , //r by decreasing It and increasing 
rit- By the construction of It and rit for all t, we can see that condition Bal hold. Moreover, 



by the construction of signs at and Ut, it is easy to see that conditions |3g to ^ hold. To 
complete the proof, we need only to verify condition 

Suppose that It > ig and Ut > kg^i {1 < s < S). Let s be such that ig < k < 



ig-i- By the construction, we have 



'ftj.. If s = s, then Tt 



£s-i 



[—)'^es-i, as required, since e^-i 



ttg by Lemma 



p.3.3| . Suppose that s < s. Then It > ig > ■ ■ ■ > ig and nt > kg-i > ■ ■ ■ > kg. Hence 



£s 



Ctg 



'_ys-i+-^Q,^_^ by the construction of signs. It follows that 



Tt 



£g 



as required by condition 

The other parts of condition |3b| can be seen easily from the construction of the sign Tt 
for each t. 

This completes the proof. 



□ 
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Chapter 4 

Molecules in the Product of Four 
Infinite-Dimensional Globes 

In this chapter, we study molecules in the product of four infinite dimensional globes. Similar 
to the results for molecules in the product of three infinite dimensional globes, we are going to 
give some equivalent descriptions for the molecules in the product of four infinite dimensional 
globes. The discussion is in parallel to that in chapter 2. There are some new features because 
of the two 'middle' factors. 

In this chapter, all the subcomplexes refer to finite and non-empty subcomplexes in the 
a;-complex ui x U2 x us x U4, and all the integers refer to non-negative integers. 

Recall that the a;-complex is equivalent to the infinite dimensional globe u. It is easy 
to see that this equivalence induces an equivalence u x v x w to x x of c<;-complexes 
sending every atom u"' x Vj x wl to u^[i, (-)^Q;] x v^[j, {-YP] x w^[k, (-)^e]. Thus all the 
results for the molecules in the product of three globes can be generalised to the molecules 
in the product of three 'twisted' infinite dimensional globes x x . In particular, a 
pairwise molecular subcomplex in xv^ x is defined as the image of a pairwise molecular 
subcomplex in u x v x w under the above equivalence of a;-complexes and a subcomplex of 

X X is a molecule if and only if it is pairwise molecular. We are not going to make 
any more comments of this kind. 
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4.1 The Definition of Pairwise Molecular Subcom- 
plexes 

In this section, we define projection maps and give the definition of pairwise molecular 
subcomplexes of x M2 x ^3 x W4. Some proofs are omitted because the arguments are very- 
similar to that in Chapter ^. 

For an atom A = ui[ii, ai] x M2[«2, ^2] x u^li^, 03] x U4[i4, a^] in ui x U2 x x U4, let 

{Int(-U2H^2,a2] X ""3^^3,03] X ui'-[i4,a4]), when ii > h; 
0, when j < J. 

This gives a map sending interiors of atoms in ui x U2 x x to interiors of atoms in 
X ul^ X ul^ or the empty set. 

Since interiors of atoms are disjoint, it is clear that the map can be extended uniquely 
to a map sending unions of interiors of atoms in Ui[ii, ai] x U2[i2, ^2] x u^li^, as] x u^lii, a^] 
to unions of interiors of atoms in x x u^^ by requiring it union-preserving. 

We can similarly define a map F^^ sending unions of interiors of atoms in uiXU2XUsX U4 
to unions of interiors of atoms in ui x u^^ x u^^, a map F^^ sending unions of interiors of 
atoms in Mi x M2 x M3 x to unions of interiors of atoms in Ui x U2 x u^^ and a map F^* 
sending unions of interiors of atoms in Ui x U2 x x U4 to unions of interiors of atoms in 

Wl X M2 X ^3. 

It is easy to see that every atom in wi x ti2 x M3 x W4 can be written as a union of 
interiors of atoms. It follows that Fj^, Fj^, F"^^ and F^* are defined on subcomplexes of 
Ml X ^2 X M3 X -U4 and preserve unions. 

We shall prove that F^" sends atoms to atoms or the empty set so that it sends subcom- 
plexes to subcomplexes for every s. We need a preliminary result. 

Lemma 4.1.1. Let A = ui[ii, ai\ x U2[i2, 0^2] x u^li^, a^] x U4[i4, a^] be an atom in uix U2 x 

Us X U4. 

1. If ^1 + ^2 + ^3 + ^4 < Vj then = A. 
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2. If ii + i2 + is + 14 > P, then the set of maximal atoms in dJX consists of all the atoms 

Mi[/i,(Ti] X U2[l2,(T2] X -U3[/3,a3] X u^lh, a^] suck that h < ii, I2 < i2, h < is, k < 
where the signs a\, 02, and a 4 are determined as follows: 



(a) ifh 


= ii, 


then 




= oti; 


Ifh 


< ii. 


then 


(7l 


= 7; 




(h) ifh 


= i2, 


then 


(72 


= oi2; 


Ifh 


< i2. 


then 


(72 


= (- 




(c) ifh 


= is, 


then 


0-3 


= as; 


Ifh 


< is. 


then 


(7s 


= (- 




(d) ifh 


= i4, 


then 


(74 


= 0:4; 


Ifh 


< ii. 


then 


(74 


= (- 





Proposition 4.1.2. Let A = Mi[ii,Q!i] x U2[i2,(^2\ x 'W3[i3,Q;3] x M4[i4,Q;4] he an atom in 
ui X U2 x U3 X U4. Then 



1. Fl^{\) 



2. Fl%X) = 



3. F«3(A) = 



U2^ {12,(^2] X u^3^[is,(^s] X M4^[u,Q!4], when ii > h; 
0, when ii < h; 

Ui[ii,ai] X ■U3^[^3,Q;3] x u^^[i4,a4\, when i2 > h', 
0, when i2 < h] 

tti] X 'U2[i2, "2] X M4^[u, 04], when is > I3; 
, when i^ < I^; 



4. Fl\\) 



CKi] X U2[i2, 0:2] X uzlis, Oia], when i^ > I4; 
, when i4 < I4. 

In particular, the maps Fj^ , Fj_^ , Fj^ and Ff^ send atoms to atoms or the empty set. 



Proof. The arguments for the four cases are similar. We only prove the second one. The 
proof is given by induction on dimension of atoms. 

For an atom A = Mi[ii,Q;i] x M2[i2,Q;2] X W3[z3,Q;3] x ^4(^4, 0:4] in mi x ^2 x W3 x M4, if 
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dim A = 0, then ii — i2 — 13 — — 0; hence 

= F;/(IntA) 

Int(Mi[ii, Q!i] X ul^[is,as\ x «4^[u,q;4]), when I2 = 0; 
0, when I2 > 

Ui[ii,ai] X u^^li^jas] x ul^[i4,a4], when I2 — 0; 
0, when I2 > 

as required. 

Suppose that p > and that the proposition holds for every atom of dimension less then 
p. Suppose also that A = q;i] x M2[«2, 0^2] x Usih, cts] x ti4[u, a^] is a p-dimensional atom. 
If i2 < h: then it is easy to see that -F^^(A) = 0, as required. If Z2 > h, then we have 

= Ff^^(IntAua-Aua+A) 

D F,';^(9+A) 

D Fl^{Ui[ii,ai] X M2[Z2 - 1, x U3[i3,Q;3] X ti4[i4,a4]) 

= ui[ii, ai] X W3^[i3, eta] x 1^4^ [z4, q;4] 

since m[z,q;] x v[j — 1, (— )*] x ty[A;,e] is an atom of dimension p — I; the reverse inclusion 
holds automatically; so Ff^{\) — ui[ii,a\\ x u^^[iz,a3\ x W4^[i4,Q;4], as required. Suppose 
that 12 — h- Then cPX is the union of atoms Ui[li, Ui] x M2[^2, (^2] x u^H^, a^] x u^lU, a^] with 
h + h + h + h = P — i such that 



1. 


if h 


= ii, then ui 


= cci; if li 


= ii 


— 1, then (Ti = 


7; 




2. 


if /2 


= ^2, then (T2 


— 0:2; if I2 


= Z2 


— 1, then (72 = 


(- 


-Y'r, 


3. 


if k 


= is, then (T3 


= as; if Zs 


= ^3 


— 1, then (Ts = 


(- 




4. 


if /4 


= ^4, then (T4 


= a^; if ^4 




— 1, then (74 = 


(- 
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It follows easily from the inductive hypothesis and Theorem 2.5.12 that F^^{d^X) = 
d'^{ui[ii,ai] X u^^lis^a-i] x u^^ [14,04]) for every sign 7. Therefore 

= Fl'{lntX)UFl'{d~X)UFl'{d+\) 

= lnt{ui[ii,ai] X u^^li^ja^] x 'U.4^[i4, 04]) U d'{ui[ii,ai] x u^^ [13,03] x ul^[i4,a4])U 

d~^{ui[ii,ai] X M3^[i3,a!3] x i/f [u,a4]) 
= X U3[i3,a3] x ixf [24,04], 

as required. 

This completes the proof of the proposition. □ 

We now define the concept of pairwise molecular subcomplexes as follows. 

Definition 4.1.3. Let A be a subcomplex of mi x M2 x M3 x U4. Then A is pairwise molecular 
if 

1. There are no distinct maximal atoms x ^[^2,02] x ^[^s^tts] x M[«4,a4] and 

a']^] X tt[i2,«2] X ^[^sjOs] X u[z4,q;4] in A such that ii < i[, 12 < i'2, H < ^3 and 

24 < i'4. 



2. F^^(A) is a molecule in x ^3^ x u^^ or the empty set for every integer Ii. 

3. F^^(A) is a molecule in ui x x u^^ or the empty set for every integer I2. 

4. F^^{A) is a molecule in lii x ^2 x u^^ or the empty set for every integer I3. 

5. F^{A) is a molecule in tii x ^2 x U3 or the empty set for every integer I4. 

Note. The reason that a subcomplex satisfying the above conditions is said to be pairwise 



molecular is made clear in the following Proposition 4.1.6 



One of the main result in this chapter is as follows. 

Theorem 4.1.4. A subcomplex in U1XU2XU3X U4 is a molecule if and only if it is pairwise 
molecular. 



101 



Proposition 4.1.5. Let A be a subcomplex of Ui x U2 x us x U4. Then F^''[F^*(A)] = 
F;;*[F/;(A)] for all s and t with 1 < s,t < 4 and s ^ t. 

Proof. Let A be an atom in ui x U2 x U3 x u^. It is evident from the definition that 

Fl'[Fl'{X)] = F;;*[F/;(A)] for all s and t with 1 < s,t < A and s t. Since F£» and 
Fj* preserve unions, we can see that Fl''[Fj^*{A)] = Fj"'[F£''(A)], as required. 

□ 

For every finite non-empty subcomplex A of i^i x ^2 x ^3 x ^4, the subcomplex 
Fl'iKi^)] = KKi^)] is denoted by F-}-(A)- 

Proposition 4.1.6. Let A be a subcomplex ofui XU2XU3XU4. Then A is pairwise molecular 
if and only if the following conditions hold. 

1. There are no distinct maximal atoms Mi[ii,Q;i] x U2[i2,oc2\ x itaf^SjCts] x M4[i4,Q;4] and 
Ui[i[, a[] X U2[i'2, x -Usfzg, ctg] x u^li'^^, a'^] in A such that ii < i[, 12 < i'2, is < ^3 and 

2. If Fj_^{A) 7^ 0, then F^^(A) satisfies condition 1 for pairwise molecular subcomplexes 
in U2 X u^^ X ul^ . 

3. If Fj^{A) 7^ 0, then Fj^{A) satisfies condition 1 for pairwise molecular subcomplexes 
in ui X u^^ X u^l . 

4. If Fj^{A) 7^ 0, then F^^(A) satisfies condition 1 for pairwise molecular subcomplexes 
in ui X U2 X ul^ . 

5. If Fj^{A) ^ 0, then Fj^{A) satisfies condition 1 for pairwise molecular subcomplexes 
in Ui X U2 X U3. 

6. F^^}"^(A) is a molecule in u^^'^^'^ x u^^^^^ or the empty set for every pair of integers h 
and I2. 

7. Fj_^'^^(A) is a molecule in u^2 ^ u^i^^^ or the empty set for every pair of integers Ii 
and I3. 
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F^^f^{K) is a molecule in U2 x or the empty set for every pair of integers Ii and 
h. 



9. F^^}"^(A) is a molecule in ui x ^ or the empty set for every pair of integers I2 and 

10. F^^f^{K) is a molecule in ui x u^^ or the empty set for every pair of integers I2 and 

11. F^^}"'*(A) is a molecule in Ui x U2 or the empty set for every pair of integers I3 and I4. 
Proof. Suppose that A is pairwise molecular. Then F^°(A) is a molecule or the empty set 



for every s. It follows from definition of F'^^f^^ and Theorem p.l.6| that conditions 1 to 11 
hold. 

Conversely, suppose that A satisfies condition 1 to 11. By the definition of F^^f^^ , we 
can see that Fj^[Ff^{K)\, F'^^[Fj^{X)\ and F//[Ff"*(A)] are molecules in the corresponding 
(twisted) products of two globes or the empty set. Since F^^{K) satisfies condition 1 for 



pairwise molecular subcomplexes, it follows from Theorem |2.1.6| that ^^^(A) is a molecule 



in Ml X ^2 X M3 or the empty set. Similarly, we can prove that F^'*(A), F^'*(A) and ^^^(A) 
are molecules in the corresponding (twisted) product of three globes or the empty set. This 
shows that A is pairwise molecular, as required. 

This completes the proof. □ 

We end this section by a proposition which is used later in this chapter. 

Proposition 4.1.7. Let A and A' he subcomplexes of ui x ^2 x % x satisfying condition 
1 for pairwise molecular subcomplexes. If F^^{h) = F^'(A') for every s and every Is with 
1 < s < 4, then A = A'. 

Proof. It suffices to prove that A and A' consists of the same maximal atoms. 

Let iii[?i,ai] X U2[i2,C(2] x M3[i3,a3] x M4[«4,a4] be a maximal atom in A. It is easy to 
see that 'Ui[zi,ai] x U2[i2,C(2] x ii3[i3,a3] is a maximal atom in F^^^{A) = F."''(A'). Thus 
A' has a maximal atom x U2[i2,C(2] x M3[i3,a3] x t/4[z4,a4] with i'^ > i^. Since 

X U2[i2,o:2] x W3[i3,Q;3] ^ F^"^]^(A) = F-"^j^(A'), we have i'^ = i^. One can similarly 
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get a maximal atom Ui[ii, ai] x U2[i2, 0^2] x ^3 [^3) CI3] x '^^4[^4) 0^4] of A'. It follows from condition 
1 for pairwise molecular subcomplexes that a'^ = and a'^ = a^. This shows that Ui[ii, ai] x 
1^2 [^2, tt2] X u^li^, 03] X u^lii, 0:4] is a maximal atom in A'. 

Symmetrically, we can see that every maximal atom in A' is a maximal atom in A. 

This completes the proof that A = A'. □ 



4.2 Molecules Are Pairwise Molecular 

In this section, we prove that molecules in ui x U2 x x U4 are pairwise molecular. The 
argument is different from that in section 2 of chapter 2. We show that sends molecules 
to molecules or the empty set for every value of s without introducing g^^ (see section 2 of 
chapter 2). 

We first show that molecules satisfy condition 1 for pairwise molecular subcomplexes. 

Proposition 4.2.1. In a molecule of ui XU2XU3X u^, there are no distinct maximal atoms 
Ui[ii,ai] X U2[i2,o:2] x tt3[z3,a3] x M4[i4,Q;4] and ui[i[, a[] x u-i^^--'^-}^ x M3[^3,a3] x n4[24,a4] 
such that is < i'^ for all 1 < s < A. 

Proof. Suppose otherwise that there are maximal atoms A = ui[ii, ai] x-U2[^2, ^2] X'U3[i3, a^] x 
W4[u, a^] and A' = ui[i[, a[] x U2[i2, ol^ x 'U3[«3, ^3] x M4[i4, 0:4] in the molecule with A 7^ A' such 
that is < i's for all 1 < s < 4. By decomposing the given molecule, one can get composite of 
molecules A#„A' or A'#„A such that A C A, A ^ A', A' C A' and A' ^ A. We may assume 
that the given molecule is decomposed into A#„A'. We now consider two C3iSGS, clS follows. 



1. Suppose that ri > ii + 22 + ^3 + U- Then, by Lemma |1.4.16| , we have A C rf^A = 
d'^h! C A'. This is a contradiction. 

2. Suppose that n < ii +^2 + ^3 + ^4- Consider the (natural) homomorphism F : U1XU2X 
U3XU4 ^ Ui^ X X X Ui^. Since A#„A' exists, we know that F(A7^„A') = F{A)^nF{A') 
exists. On the other hand, one can see that Ui-^ xui^ ^Ui^ xui^ C F(A)nF(A') C F(A)nF(A'). 
Therefore dim[F(A) fl F{A')] > 21 + ^2 + ^3 + ^4 > n. Since dim[(i+F(A)] < n, one gets 
d+F{A) ^ F{A) n F(A'). This contradicts that F(A#„A') = F(A)#„F(A') exists. 

This completes the proof. 
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□ 

We next show that F^" sends molecules to molecules or the empty set for every value of 
s. The arguments for different values of s are similar. We only give the proof for s = 2. 

Lemma 4.2.2. Let X = Ui[ii,ai\ x U2[i2,Ci2] x ^[^Sitts] x ti4[UjCt4] be an atom in the uj- 
complex ui X U2 X U3 X and A, A' G A^(tii x U2 x U3 x U4). Then 

1. F//(A) G A{ui X ul^ xu{^)U {0}; 

2. // A#„A' IS defined, then F,';^(A#„A') = F7/(A) U Fl\A'); 

3. F^^(A) ^ if and only if there is a maximal atom Ui[ii,ai] x W2[^2;Ct2] x ^^sf^SjCts] x 
W4[z4, 04] in A such that i2 > I2; 

F"2(A) when p > h and 12 >h, 
when p < I2 or i2 < h; 

Proof. The proof of the first three conditions is a trivial verification from the definition of 

F^^. We now verify condition 4. 

Ifp<l2 or 22 < /2, then it is evident that Ff"'(d^A) = by the definition of F^^\ 
Now, suppose that p > I2 and Z2 > h- Then F^^(A) = ui[ii, ai] x u^^^li^, a^] x ul^[i4, 0:4]. 

By proposition [4.1.1| , the set of all maximal atoms in rf^A consists of all Ui[li, ai] x U2[l2, o'2] x 

Uslh, cTs] X u^lli, a^l with 1^ < ig for all 1 < s < 4 such that h + I2 + h + h = P, where the 

signs as (s = 1, 2, 3, 4) are determined as follows: 



1. 


1 — 1 

h- ' 


= ii, then ai 


= ai] 


if h 


< ii, then di 


= 7- 




2. 


If k 


= 12, then (72 


= 012, 


if I2 


< Z2, then (72 


= (-)' 




3. 


If ^3 


= is, then 


= «3; 


if ^3 


< Z3, then cTs 


= (-)' 




4. 


If k 


= ii, then 


= 0:4; 


if k 


< u, then (T4 


= (-)' 





From this description and the formation of dp_j^{ui[ii, ai] x Ws^fisjCts] x u^[i4,a4]) in ui x 
u^^ X u^l (Theorem |2.5.12|) , it is easy to see that F^^{dJX) = d'J^_j^F^^{X), as required. □ 
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Lemma 4.2.3. Let A be a molecule in x W2 x 1^3 x M4. If A is decomposed into A — A'#„A" 
and ifFl^A') 7^ and F^^{A') 7^ 0, then n > /s- 

Proof. Let fj^ : x M2 x U3 x 1*4) A4{uiX ui^ x ita x U4) be the natural homomorphism 

of a;-categories sending every maximal atom Mi[ii,Q;i] x U2[i2,C(2] x M3[i3,Q;3] x W4[24,q;4] in 
Ml X X 1^3 X U4 with ^2 < I2 to «i[zi,q;i] X u-^2iOL2\ X M3[i3, Q;3] X «4[z4,Q;4], and sending 
every maximal atom iii[ii,Q;i] x ii2[«2,ci!2] x '^fsf^SjCta] x 'U4[z4,q;4] in tti x 1^2 x W3 x M4 with 
12 > I2 to ui[ii, ai] X ui^ X uslis, 03] x u4i4, a^. Then /^/(A) = /;/(A')#„///(A") is defined. 
Thus d+/-(A') = d-/-(A") = /-(A') n /-(A"). Since F-(A') ^ and F-(A") ^ 0, we 
know that there are maximal atoms A' = q;'i] x M2[z2,Q;2] x ^fzgjCCg] x 1^4 [z4, 0:4] and 
A" = Ui[i'l, a'(] X ii2[«2, 0:2] X us[i'^, a^] x U4[i'l, a'l] in A' and A" respectively with > I2 and 
«2 > h such that ///(A') and ///(A") are maximal atoms in /j/(A') and ///(A") respectively. 
If fi^{\') is not maximal in fj^{A), then it is easy to see that there is a maximal atom in 
fl'{A") containing /^/(A'); it follows that n > dimd-/;/(A") = dim(/;/(A') n /;/(A")) > 
dim fj^ (X') > 12- Similarly, if fi^{X") is not maximal in /"^^(A), then n > /2, as required. In 
the following proof, we may assume that both fj^{X') and fi^{X") are maximal in /]*^(A). 
Now there are two cases as follows. 

1. Suppose that /^/(A') n fl^{X") ^ 0. Then it is easy to see that n > dimd+fl^A') = 
dim{fl^{A') n /;/(A")) > I2, as required. 

2. Suppose that /j/(A') n fl^{X") = 0, then we must have i[ = i'l = 0, i'3 = = or 
*4 = i'i — 0. We may assume that i\ — i'( — 0. Thus a[ — —a'(. In this case, consider the 
natural homomorphism /g/^"^ : x M2 x M3 x U4) — > A4{uq x uj^ x U3 x U4). It is easy 
to see that fo]:'^^{X') and fg^'^^iX") are maximal in /q}^"^(A). It follows that i'^ ^ i'^ and 
i', ^ i'i and hence /^-f (A') n /o^^ (A") 7^ 0- Since /o-;-(A) = /o:};"^(A')#n/o:r(^") 
can see that n > dim d+ f^}'^' (A') = dim(f^}'^' (A') n foj^i^")) > ^2, as required. 

This completes the proof. □ 

Proposition 4.2.4. Lei Fj^ : M{ui x U2 x us x u^) C{ui x u.^ x u^) he the map as 
above. Then 

1. Fl'{M{ui XU2XU3X U4)) C M{ui X u^i X u^i) U {0}; 
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2. For every molecule A in Ui x U2 x x u^, we have 

dl_jFl^ (A) when p>h and (A) ^ 0, 
when p < I2 or Ff^{K) = 0. 

3. //A#„A' is defined, then 

Fl\k)j^n_i,Fl\k') when F^'iA) ^ and F^^A') ^ 0, 

F;,^(A') whenF'il{k)=^, 

F^^{K) when Fl^{A') = (l}. 

Proof. We are going to prove the first two conditions by induction and then prove the third 
condition. 



Fl%A#^A') 



By Lemma |4.2.2| , it is evident that the first two conditions hold when A is an atom. 

Now suppose that q > 1 and the first two conditions hold for molecules which can be 
written as a composite of less than q atoms. Suppose also that A is a molecule which can be 
written as a composite of q atoms. Since g > 1, we have a proper decomposition A = A'^nA" 
such that A' and A" are molecules which can be written as composites of less than q atoms. 
According to the induction hypothesis, we know that the first two conditions hold for A' and 
A". We must show that the first two conditions in the proposition hold for A. There are two 
cases, as follows. 

1. Suppose that F//(A') = or F//(A") = 0. We may assume that ^//(A') = 0. In this 
case, we have F^^{A) = F//(A"). Thus Fl^{A) eM{uiX u]^ x 4') U {0} as required by the 
first condition. Moreover, if p 7^ n, then 

K'^dlA) 
= Fl^dlA'i^^dlA") 
= Fl^{d;A')UFl^{d;A") 

dl_,Fl^ (A") when p>h and F// (A") ^ 0, 

when F^^{A") = or p < /a, 
d['p^iFl^ (A) when p>h and F^' (A) ^ 0, 
when F/^'(A) = or p < J2, 
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as required by the second condition. Suppose that p = n > 12- Then Fj^{dpA') = 0. So 
Fl^{dpA") = 0. Hence, by the hypothesis, one gets F/^'(A") = 0. Therefore Fl^{A) = and 
Fj^i^d^A) = 0, as required by the second condition. 

2. Suppose that F7/(A') ^ and Ff"'(A") ^ 0. By Lemma we have n > h. Since 

Fl'{A) = Fl\A') U Fl'{A") and 

= Fl^d^A') 
= K'id-A") 
= d-_,F-^{A"), 

we can see that F;/(A')#„-/,F,';^(A") is defined, and F^'iA) = Fl\A')i^n-i,F^^{A"). So 
F^^(A) is a molecule, as required by the first condition. We now verify that A satisfy the 
second condition. If p < I2, then F^^((i^A) = 0, as required. \i p = n > I2, then 

= Fi^id;^') 

= d;_,Fl^{A') 
= d-_j^Fl^{A)- 

and similarly we have F^^^{d+A) = d'^^_^_^Ff^{A). U I2 < p < n, then 

Fl'id;A) 

= Fi^{d;A') 

= d;_jFl\A') 
= dl_,Fl^{A). 

li p> I2 and p > n, then 

F^^{d;A) 

= Fl^dlA'i^^dlA") 

= Fl\dlA')UFl\d;A") 

= d:i-iFl\A')VJd;_,Fl\A") 
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and 

thus dl_,Fl\h')4^_i,dl_,Fl\h") is defined and 

= ^^-7.K(A')#n-/.F-(A")] 

Therefore A satisfies the second condition. 

Finally, condition 3 can be easily verified by using condition 2 and the fact that Fj^ 
preserves unions. 

This complete the proof. 

□ 

In particular, we have that F^^ sends molecules to molecules in ui x x or the 
empty set. 

We can similarly prove that Fj^ sends molecules to molecules in the corresponding 
(twisted) product of three infinite dimensional globes or the empty set for every value of 
s. Thus we have proved the main theorem in this section. 

Theorem 4.2.5. Molecules in Ui x U2 x Us x are pairwise molecular. 

We finish this section by a property of molecules in ui x U2 x x u^. It can be proved 
from the results later in this chapter. But the proof here is also interesting. 

Proposition 4.2.6. Let A. he a molecule in «i x M2 x % x ^4- Let Ai = Ui[ii, ai] x [z2, (y-2\ x 
'liafejCta] X •U4[i4,Q;4] and A2 = cti] x W2[^2,Q;2] x «3[i3,Q;3] x «4[i4,Q;4]. If \i C A and 

A2 C A, then there is an atom A' = Mi[ii,Q;'i] x U2[i'2-, Oi'^ x ii3[i3,Q;3] x U4[i4,Q;4] in A with 
i' > ii — 12 such that X' D Ai and A' D A2. 
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Proof. If A is an atom, then the required property holds automatically. 

Suppose that the required property hold for every molecule which can be written as a 
composite of less than q atoms. Suppose also that A can be written as a composite of q 
atoms. 

It is easy to see that there is a composite of molecules Ai#„A2 with Ai C Ai and A2 C A2 
such that both Ai and A2 can be written as composites of less than q atoms. By applying the 
natural homomorphism /^"^ : Ai{ui x 1^2 x M3 x U4) A4{{ui^ x M2 x M3 x U4) of a;-categories, 
one gets 

C(Ai#nA2) = C(Ai)#„C(A2)). 

This implies that 

/-(AinA2) = /-(A0n/-(A2)). 

Since fr,'(X,) = /;;^(A2) C f^,' (A,) n (A2)) , we have /^^^Ai) = f^.^iX^) C /;:HAin A2). It 
follows that A3 = Ui[ii, Pi] x U2[i2, CK2] x 1*3 [^3, 0C3] x 1*4 [^4, 0C4] C Ai n A2 for some sign /3. Now 
if Pi = —a, then one can get an atom in Ai as required by applying the induction hypothesis 
on Ai and A3 in Ai; if Pi — a, then one can get an atom in A2 as required by applying the 
induction hypothesis on A2 and A3 in A2. 

This completes the proof. □ 

4.3 Properties of Pairwise Molecular Subcomplexes 

In this section, we study some properties of pairwise molecular subcomplexes in ui x U2 x 
U3 X U4. In the next section, we are going to prove that some of these conditions are sufficient 
for a subcomplex of Ui x U2 x U3 x U4 to be pairwise molecular. 

Lemma 4.3.1. Let A be a pairwise molecular subcomplex ofui XU2XU3X U4^. Let ui[ii, ai] x 
U2[i2, 0(2] X Usih, ccs] X M4[i4, 0:4] and ui[i'i, a'l] x U2[i2, 0(2] x u^li'^, a'^] x M4[i4, a'^] be a pair of 
distinct maximal atoms in A. If ig — i'^ and ag — —a'^ for some 1 < s < 4, then for every t 

with t ^ s, there is a maximal atom Ui[li, ai] x ^2(^2, (^2\ x %[^3, (73] x ii4[/4, (T4] in A such that 
Is > is — i's) h ^ minjit, ij} and Ur[lr, c^] D Ur[ir, a^] Hw^K) ct'r] for all r e {1, 2, 3, 4} \ {s, t}. 



110 



Proof. Let A = 'Ui[ii,ai] x U2[i2,Ci2] x ^[^SiCts] x 'U4[«4,a4] and A' = Mi[z']^,a'^] x U2[i2,C(2] x 
MsfzgjOg] X U4[i'^,a'^]. The arguments for various cases are similar, we give the proof for 
s = 1 and t = A. Let I4 = min{i4,i4}. Since A is pairwise molecular, we can see that 
Fj^{A) is a molecule in tti x M2 x u^. Since F^^{X) = ui[ii,ai] x U2[i2,Ci2] x tt3[z3,a3] and 
Fj^{X) = Ui[i[,a[] X U2[i2,(y'2\ x 'U3[z3,a3], it follows easily from Lemma |2.4.4| that there 



is a maximal atom ai] x U2[l2,o'2] x M3[/3,cr3] such that li > ii = i'^, M2[^2,o"2] ^ 
U2[i2, 0^2] n M2[^2i '^'2] Uslls, (73] D %[«3, ct^] fl 'U3[«3, 03]. Therefore A has a maximal atom 
ui[li,ai] X 'U2[^2,cr2] X 'U3[/3,o-3] X U4[k,a4\ such that /i > 2i = i[, 'U2[^2,o"2] 3 M2[^2,a2] n 
U2[i2, 02]) W3[Z3, cr3] D u^lis, ^3] fl 'U3[z3, 03] and U> I4, as required. 

This completes the proof. □ 

The following definition of adjacency for a pair of maximal atoms in a subcomplex of 



til X ^2 X -U3 X is inspired by Propositions 2.3.3 and 2.3.11 



Definition 4.3.2. Let A be a subcomplex of uix U2X u^x u^. Let l<s<t<4. A pair of 
maximal atoms ui[ii, ai] xm2[^2, ^2] xm3[z3, 03] Xi/4[i4, 04] and ui[i[, a[]xu2[i2, a2] x^i3[«3, '^3] ^ 
M4[z4,a4] are (s, t)-adjaceni if maxjzg, z^} + max{zj, z[} > max{zs + it, + and if there is no 
maximal atom Ui[ji, f3i] x U2[j2, /?2] x 'U3[i3, Ps] x u^lj^, jS^] with jr > min{v, i'r} for all 1 < r < 
4 such that m.m{is, jg} + mm{it, jt} > minji^, z^} + min{zt, z^} and min{i^, js} + min{zj, j^} > 
minjz^, i'g} + m.m{it, A pair of maximal atoms Ui[ii, ai] x U2[i2, 0:2] x %[z3, a^] x u^li^, a^] 
and ui[i[, a[] x U2[i2, 0(2] x %[z3, a'^] x u^li'^, a'^] are adjacent if they are (s, t)-adjacent for all 
1 < s < t < 4 such that max{is, i'^} + maxjzj, i[} > maxjz^ + it, i'g + 4}. 

Example 4.3.3. Suppose that A = 'Ui[5,ai] x n2[0,Q;2] x z/3[1,q;3] x M4[1,q;4] and = 
Mi[0,/3i] X M2[5,/32] X U3[l,/33] X M4[2,/94] are a pair of maximal atoms in a subcomplex. 
If A has a maximal atom = mi[1, £1] x n2[l, £2] x M3[2, £3] x U4[l, £4], then A and yU are not 
(1, 2)-adjacent. 

The following proposition shows that the definition of adjacency is in consistent with 
that in Chapter |^. 

Proposition 4.3.4. Let A he a subcomplex ofui XU2XU3XU4 satisfying condition 1 for pair- 
wise molecular subcomplexes. Then a pair of distinct maximal atoms ui[ii, ai] x U2[«2, 0^2] x 
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i^si^^ cts] ^ ^4[^4i 0^4] dnd Ui[i[, a[] x U2[i2, 0^2] x Usii's-, ^3] x u^li'^, a'^] are adjacent if and only 
if there is no maximal atom Ui[ji, I3i] x U2[j2, (^2] x ^[js, /^s] x 'U4[j4, /34] wt/i j,. > min{v, "^rl 
/or all 1 < r < A such that 

4 4 



r=l r=l 

and 

4 4 
^min{z^,jV} > ^min{v,z',}. 

Proof. The proof is a straightforward verification from the definition of adjacency. □ 
The concept of projection maximal can be defined in the similar way as that in chapter 

i 

Let A be a subcomplex of mi x -U2 x x -U4 satisfying condition 1 for pairwise molecular 
subcomplex. Let be a fixed non- negative integer. A maximal atom ai] x M2[^2, x 
■J^sf^SiCis] X M4[«4,a4] in A is {Ur., I r) -projection maximal if v > h and there is no maximal 
atom Mi[i'^,a'J x M2[^2i'^2] ^ ^[^aj'^s] ^ 'W4[i4,a4] such that Ir < i'r < V and i'^ > is for all 
sG{l,2,3,4}\{r}. 

Evidently, if a maximal atom A in A is (m^, /r)-projection maximal, then Fj^{\) is max- 
imal in F^''(A). Conversely, for every maximal atom /i in F^''(A), there is a maximal atom 
/i' in A such that F^j{fi') = fj,. The following proposition implies that /x' is actually {ur, h)- 
projection maximal. 

Proposition 4.3.5. Let A be a pairwise molecular subcomplex of ui x ii2 x x -U4 and A 

be a maximal atom in A. Let 1 < r < 4. Then A is {ur, Lr) -projection maximal if and only 
if Ff^{\) is maximal in F^j{A). 



Proof. The proof is similar to that in Proposition 2.3.5. □ 



Lemma 4.3.6. Let A be a pairwise molecular subcomplex in ui x U2 x u-^ x U4. Let A = 

XM2[i2,a2] x%[z3,a3] xti4[z4,a4] andfi = ui[ji, Pi]xu2[j2, P2]xu3[j3, Pslxu^lji, P^] 
be a pair of{s, t)-adjacent maximal atoms in A for some 1 < s < t < 4. If is > js and it < jt, 
then for r G {1, 2, 3, 4}\{s, t} there is a pair of {s,t)- adjacent and {ur, Ir) -projection maximal 
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atoms ui [i[ ,a[]x U2 [«2 , a^] x M3 [i'^ , ag] x M4 [i^ ,a'^] andui [][ , ] x M2 [jg , /^2] ^ "3 [is , /^s] x ^4 , 
such that u^lf^, P2 = Us[js,Ps], WtK,"*] = Ut[it,at] and mm{i'^, j'^.} = mm{v,j;}, where 
Ir = m.m{ir, jr} ■ Moreover, for f G {1,2,3,4} \ {r,s,t}, if s < f < t, then min{i^,j^} = 
mm{ir,jf}- 

Proof. Let A' = ui[i[, a[] x U2[i'2, ol^ x U3[i3, 03] x ii4[z4, 0:4] be the (u^, /r)-projection maximal 
atom such that i'^ > ig, i[ > it and > ir. Let /i' = X'U2b25 /^2] ^'^sbsi /^s] ^ '"4[j45 (^4] 

be the (m^, /r)-pi'ojection maximal atom such that j'^ > jg, j[ > jt and j'^, > j'^. It follows 
easily from Lemma |4.3.1| and the adjacency of A and /i that A' and /i' are (s, t)-adjacent and 



that Us[ji,(3'g] = Us[js, f3s],ut[i't,a[] = Ut[it, at], mm{i'^, j'^} = and min{i^, j^} >mm{ir,jr}. 

Moreover, if s < f < t, we show that min{z^,j^} = min{v,jf} by contradiction. The 
arguments for various choices of r, s and t are similar. We give the proof for s = 1, t = A and 
r = 3. In this case, we have f = 2. Suppose otherwise that min{22,J2} > niin{i2,i2}- Then 

(A') and {fi') are maximal atoms in F// (A) . Note that F// {X') = Ui [i[ , a[] x U2 [i'2 , a'^] x 
W4^[^4,a4] and F^^^{fi') = Ui[ji,(]i] x U2[j2, l32] x M4^[i4,/34]. Since Fj^{A) is a molecule in 
Wi X ^2 X ^4^, it follows from condition ^ in Theorem |2.4.1| that there is a maximal atom 



(Ti] X n2[/2, 0-2] X -U4^[/4, 0-4] in F^^(A) such that /i > ji, /2 = min{z2, ^2}- 1 > min{z2, J2} 
and U > H- Thus there is a maximal atom u = Ui[li, ai] x ■U2[^27 0^2] x W3[/3, a^] x W4[/4, (T4] in 
A such that I3 > I3. This contradicts the assumption that A and /x are (1, 4)-adjacent. 

This completes the proof. □ 

Proposition 4.3.7. Let A be a pairwise molecular subcomplex of 1x1X^2X^3X^4. Let 
A = iti[zi,ai] X M2[^2,a2] x M3[i3,a!3] x M4[i4,a4] and A' = Mi[i'i,a'i] x U2[i2,ct2] x x/3[«3,a3] x 
M4 [14,04] be a pair of distinct maximal atoms in A. Ifl<s<r<t<A and A and X' 
are {s,t)- adjacent, and if ig > i'^, min{v,^r} > ^'^^ > '^t, then A has a maximal atom 
Ui[li,ai\ X 'U2[^25cr2] X 'U3[/3,cr3] X W4[/4,0"4] such that Is > i[, Ir = min{v,i^} — l,lt> it and 
If > min{zf , i'f:}, where f G {1, 2, 3, 4} \ {r, s, t}. 

Proof. The arguments for various cases are similar. We only give the proof for the case 
s = 1, r = 3 and t = 4. 

Let = min{z3,Z3}. According to Lemma |4.3.6| , we may assume that A and A' are 
/3)-projection maximal so that Fj^{X) and Fj^[X') are maximal atoms in F^^(A). 
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Now F]'^{X) = ui[ii,ai] x U2[i2,a2\ x «4^[«4,a4] and Fj^{X') = ui[i[,a[] x U2[i2,a2] x 



M4 [«4 



,04]. It is easy to see that Fj^{X) and Fj^{X') are adjacent in Fj^{A). According to 
condition ^in Theorem |2.4.1| , there is a maximal atom ui[li, ai] x U2[l2, 0^2] x u^/lh, C4] such 
that li > i[, I2 = min{z2,Z2} ~ 1 and U > H- This imphes that there is a maximal atom 
Wi[/i,cri] X U2[l2,(y2\ X tt3[/3,o"3] X W4[/4,(T4] in A as required. 
This completes the proof. 

□ 

We also need to extend the concept of projection maximal to maximal atoms in x ^2 x 
M3 X ^4 with respect to two factors, as follows. 

Let 1 < s < t < 4. Let Is and It be fixed non-negative integers. A maximal atom 
ai] X U2[i2, 0^2] X Msfzs, 0:3] X ii4[i4, 04] in A is Ut] Is, It) -projection maximal if is > Is 
and it > It, and if there is no maximal atom ui[i[, a[] x U2[i'2, 02] x Us[i'^, a'^] x u^li'^, a'^] such 
that i'g > Is and i'^ > It and such that i'^. > ir for all r G {1,2,3,4} \ {s,t} and > ij. for 
some r G {1, 2, 3, 4} \ {s, t}. 

Evidently, if a maximal atom A in A is {us, uf, Is, /t)-projection maximal, then F^''}"*(A) is 
maximal in F^*}"'(A). Conversely, for every maximal atom /i in F^''}"'(A), there is a maximal 
atom n' in A such that = fi. The following Proposition implies that fi' is actually 

(it^, Ut] Is, /t)-projection maximal. 

Proposition 4.3.8. Let A be a pairwise molecular suhcomplex of ui x M2 x % x and X 

he a maximal atom in A. Let 1 < s < t < 4. Then X is {us, Ut; Is, It) -projection maximal if 
and only z/F^°}"*(A) is maximal in F^°}"*(A). 



Proof. The argument is similar to that in Proposition [4.3.5| . □ 



Lemma 4.3.9. Let A be a pairwise molecular subcomplex in ui x U2 x U3 x U4. Let X = 

Ml [«i , ai] X ii2 [^2 , "2] X M3 [z3 , 03] X M4 [z4 , a^] andfi = ui [ji ,Pi]xu2 [j2 , /32] x M3 [^3 , /Ss] x m [j^ , P^] 
be a pair of {s,t)- adjacent maximal atoms in A for some 1 < s < t < A. If is > js (irid 
it < it, then there is a pair of {s,t)- adjacent and {us,Ut, Is, I t) -projection maximal atoms 
ui[i'^,a[] X U2[i2,a'2\ x U3[i'^,a'.^] x u^[i'^,a'4\ and ui[j[, l3[] x U2\j'2,l3'2] x M3[j^,/3^] x u^li'^.p'^] 
such that Usij's, P'sl = Us[js,Ps], Ut[i't,a't] = Ut[it,at] and mm{i'^, j'^} > Ig and mm{i'^, j'^] > k, 
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where s and t are distinct elements in {1,2,3,4} \ {s,t} and Ig = min{is, jg} and It = 
minjif, jf}. Moreover, if s < s < t, then mm{i'g,j'g} = Ig; if s < t < t, then mm{i'^,j'^} = Ii. 

Proof. Let A' = a'^] x «2[^2i<^2] ^ ''^3[^3)^3] ^ W4K,tt4] be the (-Uj, -uj; /j, /f)-projection 

maximal atom such that i'^ > is and i[ > it. Let ji' = ui[j[, f3[] x U2[j2, [^^2] ^ ^sbs^/^s] ^ 
UiiJi, f^i] be the (wg, Mj; I^, /f)-projection maximal atom such that j'^ > js and j't > jt- It 



follows easily from Lemma |4.3.1| and the adjacency of A and /i that Us[jg, P'g] = Us[js,Ps\, 
Ut[it,(yt] = Ut[it,C(t], min{i^,jj} > /g, minjzj, j|} > It and A' is adjacent to /i', as required. 
The second part follows easily from the adjacency of A and /i and Lemma [4.3.7| . 



This completes the proof. □ 

Proposition 4.3.10. Let A be a pairwise molecular suhcomplex in Ui x U2 x U3 x U4^. Then 
the following sign conditions hold. 

Sign conditions: for a pair of adjacent maximal atoms Ui[ii, ai] x U2[i2, 0^2] x f^al^Si cts] x 
M4[z4,a4] and ui[i[,a[] x U2[i2,C(2] x U3[i'^,a'^] x U4[i'^,a'^] in A, let Ir = min{v,^r} /^'^ 1 — 
r < 4. 

1. If X and ^ are (1, 2)-adjacent, and if li = ii < i[ and I2 = i'2 < i2, then cig = —{—Y^ai; 

2. If A and are (1,3) -adjacent, and if li = ii < i[ and l^ = i'^ < i^, then a'^ = 

3. If A and ^ are (1,4) -adjacent, and if li = ii < i[ and I4, = i'^ < 14,, then a'^ = 

4. If X and /i are (2, 3)-adjacent, and if I2 = Z2 < ^2 '^^^ ^3 — "^3 < "^3; then a'^ = — (— )'^q;2; 

5. If X and ^ are {2, 4) -adjacent, and if I2 = i2 < i'2 ^nd U = i'^ < 14,, then a'4 = 
-(-)'^+'««2; 

6. If X and /i are {3, 4) -adjacent, and if l^ = is < i's and U = i'4 < 14, then a'4 = —{—Y^as. 

Proof. The arguments for the above cases are similar. We only give the proof for case ^ 

Let A = x 'u,2[^2,Q!2] x lisi^Sitts] x M4[i4,a4] and A' = x ?i2[i2,Q;2] x 

ttafzg, Qfg] X U4[i'4, 0:4] be a pair of (1, 4)-adjacent maximal atoms in A. Suppose that i[ > ii and 
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^4 < ii- Let min{«2,^2} — ^2 ^^^{13,^3} = ^3- We must prove a'^ = — (— )'^+'^a;i. According 
to Lemma |4.3.9| , we may assume that A and A' are {u2, u^, I2, /3)-projection maximal atoms. 



It is evident that = x ^4 "^''[u, "4] and (A') = Ui[i[,a[] x 

and they are maximal atoms in the molecule F;"^/"^(A). Moreover, by the 
adjacency of A and A', we can see that F;"^/"^(A) and Fj^^/"^(A') are adjacent maximal atoms 
in Fj"^/"^(A). According to the formation of molecules in n x ly'^+'s^ gg|; q,^ = _(^_y2+i3Q,_^^ 
as required. 

This completes the proof. □ 



4.4 An Alternative Description for Pairwise Molecular 
Sub complexes 

In this section, we give an alternative description for pairwise molecular subcomplexes of 
Ui X U2 y< U3 X W4, as follows. 

Theorem 4.4.1. Let A be a subcomplex of ui x U2 x x Ut^. Then A is pairwise molecular 
if and only if 

1. There are no distinct maximal atoms Ui[ii,ai\ x M2[^2,tt2] x ^si^Si^s] x 'U4[u,a4] and 
ui[i'i,a'i\ X U2^2^'^-2\ X '^sf^sj'^s] X u^^.OL^ in A such that i\ < i[, 22 < 'i'2, ^3 < "^3 ^^^^^ 
U < 24. 

2. Sign conditions: for a pair of maximal atoms Ui[ii, ai] x U2[i2, 0^2] x u^li^, a^] x W4[i4, 
and ui[i'i, a'l] x U2[i'2, 0^2] x u^li'^, a'^] x Ui[i'^, a'^\ in A, let = minjv, i'r} for 1 < r < 4. 

(a) If X and /j, are (1,2) -adjacent, and if li = ii < i[ and I2 = i'2 < i2, then a'2 = 

(b) If X and fj, are (1,3) -adjacent, and if li = ii < i[ and I3 = i'^ < is, then a'^ = 

(c) If X and fi are (1,4:) -adjacent, and if li = ii < i[ and U = i'4^ < i^, then 04 = 
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(d) If X and /i are {2, 3) -adjacent, and if I2 = i2 < i'2 o-nd = i'^ < i^, then a'^ = 

(e) If X and fi are {2, 4) -adjacent, and if I2 = i2 < i'2 ^'^^ h = i^ < ^4, then a'^ = 

(f) If X and fi are {3, 4) -adjacent, and if = H < i'^ (^nd U = i'^^ < ^4, then a'^ = 

-(-)'^«3. 

3. Let X = ui[ii,ai] x U2[i2,C(2] x 'W3[^3,a3] x M4[i4,a4] and X' = ui[i[,a[] x U2[i2,a'2] x 
^3 [^31 0^3] X U4[i'^, a'^] be a pair of distinct maximal atoms in A. If is = i's one? = -~<^'s 
for some 1 < s < 4, then for every t G {1,2,3,4} \ {s}, there is a maximal atom 
wi[/i,(Ti] X M2[^2,o"2] X M3[/3,o-3] X Ui[li,ai\ in A such that Ig > is = i's, h > niin{2t,2^} 

and Ur[lr, CTr] 3 "Uri^r, Cir] H M.r[^^; C^r] /^'^ ^ {I5 2, 3, 4} \ {s, t}. 

^. Lei A = 'Ui[ii,ai] x U2[i2,Oi2\ x W3[23,a3] x ■U4[i4,a4] and X' = Ui[i[,a[] x U2[i'2,Q2] x 
U3[z3, ag] X u^li'^, a'^] be a pair of distinct maximal atoms in A. For l<s<r<t<4, 
if X and X' are {s,t)- adjacent, and if is > i'g, min{v,'^!.} > and i[ > it, then A 
has a maximal atom Mi[/i,ai] x U2[l2,o'2] x W3[/3,(T3] x M4[/4,cr4] such that Is > i'l, 
Ir = min{v, i'r} — ^, k > h (md If > min{v , i'^} for f G {1, 2, 3, 4} \ {r, s, t}. 

Note 4.4.2. In condition 0, we have a similar relations for the signs cr,., a'^ and at as that 



in Note |2.4.2| . For instance, if s = 1, r = 2 and t = 3, then we have 02 = — (— and 



at = -{-y'a2. 

In the last section, we have proved that the four conditions in this theorem are necessary 
for pairwise molecular subcomplexes. We now prove the sufficiency. The proof is separated 
into several lemmas. 

Lemma 4.4.3. Let A be a subcomplex satisfying the four conditions in Theorem \4-4-A - Let 
X = ui[ii,ai] X U2[i2,a2] x %[i3,a3] x Uilii^a^] and fi = ui[ji,Pi] x U2[j2, f32] x %[i3,/53] x 
M4[i4, ^4] be maximal atoms in A. If is = js o-nd = —f^s for some 1 < s < 4, then there is 
a maximal atom v = ui[li,ai] x U2[/2,o"2] x U3[/3,cr3] x 'U4[/4,cr4] in A with Is > is = js such 
that It > mm{it,jt} and Ut[lt,at] D Ut[it,at] H Ut[jt,Pt] for all t G {1,2,3,4} \ {s}. 
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Proof. We first prove the lemma when A and /i are adjacent. The arguments for various 
cases are similar. We only give the proof for s = 1, «2 > j2 and < j^. 

If ^4 = j4 and 0:4 = —^4, then we can get the required /u simply by applying condition ^ 
in Theorem [4.4.1| . We now suppose that 7^ ^4 or that = and = /?4. In this case, we 
have W4[z4,q;4] fl u^lj^, f]^] = u^li^^a^] or M4[i4,a4] fl u^lji,^^] = u^lj^,^^]. We may assume 
that M4[z4,q;4] fl u^lj^, /S^] = U4[i4,a/i]. According to condition ^ in Theorem [4.4. 1| , 



we can 



get maximal atoms A' = x [^2 1*^2] ^ ''^sI^sj'^s] ^ '^^4K5Q;4] such that i[ > ii = ji, 

i'2 ^ 32) ^sl^Si^s] C iX3[«3,a3] and M4[i4,a;4] C M4[i4,a4]. Similarly, we can get maximal 
atoms li' = ui[j[,p[] X U2[j2, ^2] x ^sba^/^s] x MJi Pi] such that j[ > h = ji, j'^ > is, 
U2[j2,f32] C U2[j2,f32] and W4[^4,a4] C Ui[j'^,(3'^. 

Now, suppose otherwise that A does not have a maximal atom 1/ = Ui[li, ai] x U2[l2, (^2] x 
^ai^SiCTs] X ti4[/4,cr4] as required. Then i'^ = j2 and a2 = —P2, and = and /^g = —03. 



By applying condition y in Theorem [4.4. 1| to and A', it is easy to see that i'g = i^; thus 
a'^ = a^. Similarly, we have J2 = J2 and /?2 = /^2- By applying condition |] in Theorem 4.4.1 



to A' and /i', we get a maximal atom u" = ui[l'(, a'(] x M2[^2i '^2] ^ ^^3(^3, C3] x M4[^4, o"4] such 
that /'/ > min{z;, j(} > h = ji, l'^ > i'2 = i'2 = h, ^3 > ^3 = Js = ^3, u4l'l, <] D M4[u, a^]- By 
the hypothesis, we have l'^ = is and a'^ = —a^. By applying condition ^ in Theorem [4.4. 1| to 
A and ly", we can get a maximal atom A" = Ui[i'(, a'(] x U2[i'2, ol!^ x U3[i3, ag] x u^[., 0^4] such 
that i'/ > ii = ii, i2 — niin{z2, l'2\ > 32, i'i > is and i'l > i^. This contradicts the adjacency 
of A and 

The other cases can be proved similarly. 

Now we give the proof for the general case by induction. 

1. Suppose that minjz^, >} is maximal among the non-negative integers 
E^=i with ui[i'^, a[] x U2[«2i "2] x ^[ig, Og] x Ui[i'^, a'^] and Ui[j'^,(3[] x '^2^21 P'2] x 
''^3b3) /^s] X 'U4[j4, f}'^ running over all pairs of distinct maximal atoms in A. It is evident that 
A is adjacent to /x, hence the lemma holds for A and /i. 

2. Suppose that g > and the lemma holds for every pair of distinct maximal atoms 
ui[i\,a'^] X U2[i'2,a'^] x u^ii'^i^a'^] x Ui[i'^,a'^ and Ui[j[,f5'^] x U2[j'2, P'2] x ^[js./Jg] x u^lf^, (3'^] 
with J2t=i^^^{'^'r^ fr} > 5'- Suppose also that ^^^^ min{zj., j^} = Q- 
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If A and /i are adjacent, then the lemma holds by the first part of the proof. 

Suppose that A and /i are not adjacent. According to Theorem [4.3.4| , there is a maximal 



atom v' = ui[l[, a[] x U2[l'2, o'.^ x M3[/3, cTg] x U/^'i^, o'^ with l'^ > minjv, for 1 < r < 4 such 
that 

4 4 

y^min{v,/J > ^min{v,jV.} 

r=l r=l 

and 

4 4 

J^min{jV,/4 > ^min{v,ir}- 

r=l r=l 

By possibly multiple applying the above argument, condition ^ in Theorem ^.4.1| , and the 



induction hypothesis, we can get either a maximal atom /i = Ui[li, o"i] x U2[l2, ^2] x u^ll^, a^] x 
M4[/4,o"4] as required, or a pair of maximal atoms A' = 'Ui[i'^, a'^^] x ti2[i2,a;2] x ti3[z3,a3] x 
Uili'^^a'^] and /i' = ui[j[,p[] x U2[i2, P'2] ^ P'^] ^ u^lf^, P'^] with i'^ = is = js = j's and 

a's = -P's such that mm{it,jt} < min{ij, j^'} and Ut[it, at] H Ut[jt, A] C Ut[it, a[] H Ut[j[, P'^] for 
all t G {1,2,3,4} \ {s}, and such that ^^^-^ min{v, ir} < Sr=i '^^^{^r; Jr}- It follows from 
the induction hypothesis that the lemma holds for A and /i. 
This completes the proof. 

□ 

Note that the proof in Proposition |4.3.5| uses only the definition for projection maximal. 



condition 1 for pairwise molecular subcomplexes and Lemma [4.3. 1|. By condition 1 and 



condition 3 in Theorem [4.4. 1|, we have the following two propositions. 



Proposition 4.4.4. Let A be suhcomplex ofui x M2 x M3 x U4 satisfying the four conditions in 



Theorem \4-4-A ^'^'^ X be a maximal atom in A. Let 1 < r < 4. Then A is {ur, I r)- projection 



maximal if and only if F^j{X) is maximal in FjjlA). 

Proposition 4.4.5. Let A be a subcomplex of ui x U2 x x satisfying the four conditions 



in Theorem \4-.4-A o.'^d X be a maximal atom in A. Let 1 < s < t < A. Then A is (-u^, Ut] h, It) 
projection maximal if and only if F^^f^^{X) is maximal in F^''}"'(A). 



Proposition 4.4.6. Let K be a subcomplex of ui x U2 x U3 x U4 satisfying the four conditions 
in Theorem U.4-A - L^t h o^nd I3 be fixed non-negative integers. Then 
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1. Every maximal atom Ui[ii, ai] x U2[i2, 0^2] x ^[^S) c^s] x U4[i4, in A wt/i 22 = h o-nd 
is = I3 is {u2,U3; I2, 13) -projection maximal. 

2. For every maximal atom Ui[ii,ai] x U2[^2,a2] x "Uaf^Sjas] x M4[z4,a;4] with 22 > I2 
and 23 > there is a {u2,U3; I2, l3)-projection maximal atom x U2[j2,P2] x 
UslisiPs] X Ui[j4,p4] such thatui[ii,ai] C anc? M4[z4, 04] C M4[j4,/54]- 

3. All {u2, its; /2, 13) -projection maximal atoms , if exist, can be listed as X^^\ ■ ■ ■ , A*^"^-* with 
A^'') = ui[i[''\ a^'^] X U2[i2\a2^] x U3[i^^\ a^"^] x 'U4[i4''\ 0:4''^] snc/i t/iat > • • ■ > 4'^'' 
and i^l^ < ■ • ■ < 4^'' ■ Moreover, in this list, if 1 < s < S , then i^^^ = 4*^^'' if and only 
if "^i^ = 4'^^^''/ ^^^'5 case, one must also have = af^^'' and 0:4'^^ = a^l^^\ 

4- For two consecutive {u2, u-^; I2, I^) -projection maximal atoms X^^'^ and A*^'*^^-' in the above 
list with 4^^ > 4^^^^ Kiiii{4'^\ 4^^^''} — ^2 md min{4'^\ 4^^^''} ~ -^3- 

Proof. Condition ffl follows from the definition of projection maximal and condition 1 in 



Theorem 4.4.1 



To prove condition ||, suppose that A = tti[zi,a;i] x M2[z2,a2] x M3[z3,a3] x U4[i4,a4] 
is not (u2, its; /2, /3)-projection maximal. Then there is a (^2, 113; /2, /3)-projection maxi- 
mal atom A' = a']^] x M2[z2,a2] ^ '"3[^3''^3] ^ U/i[i'^,a'^ such that i'^ > ii and i'^ > i^. 
If Mi[2i,ai] D and W4[z4,a4] D 'U4[i4,a4], then A' is as required. Suppose that 

a']^] 7^ Mi[2i,ai]. Then i[ = ii and a[ = — «i. Moreover, we have 24 > 24 by the 
definition of (^2, /21 -^3)-projection maximal. Hence, by condition 3 in Theorem |4.4.1| , 
there is a maximal atom /i = Mi[/i,ai] x M2[^2)0"2] x W3[/3,(T3] x 'U4[/4,(J4] in A such that 
h > ii = i[, I2 > h, h > -^3 and ■U4[/4,cr4] D U4[i'^,a'^]. If ^ is (^2, /2, /3)-projection 
maximal, then /i can be taken as Ui[ji,f3i] x U2[j2, [^2] x u^lj^, f]^] x u^lj/^jP^], as required. 
If /i is not (u2, tt3; /2, -^3)-pi'ojection maximal, then one can get a (^2, W3; /2, /3)-projection 
maximal atom /i as required by repeating the above argument for A. 

To prove condition by the definition of (m2, %; /2; -^3)-projection maximal, it suffices 
to show that A does not have ('U2, "^3; /2, /3)-projection maximal atoms A = Mi[2i,ai] x 
M2[^2, "2] X W3[i3, as] X M4[i4, 04] and /i = A] x M2[j2, P2] X M3[j3, Ps] X M4b4, Pa] such that 
h = ji and ai = —(3i or such that u = j^ and 04 = — /?4. This follows easily from condition 



120 



3 in Theorem |4.4.1| . 

Finally, condition ^ follows easily from condition 4 in Theorem 
This completes the proof. 



WAA\ 



□ 



Proposition 4.4.7. In a subcomplex A of ui x U2 x x U4 satisfying the four conditions 
in Theorem U-i-A the (tt2, M3; h, Is) -projection maximal atoms be listed as X^^\ ■ ■ ■ , X^^^ 



with A^''^ = ui[i[^\a[^^] x -U2[4''\ "2''^] x W3[i3''\ ag*^] x U4[i^^\a^^^] such that i^^^ > ■ ■ ■ > i[^^ 
and i^l'^ < ■ ■ ■ < if\ taking S = if there are none. Then 

1. FlX^A) = u,\i?,a\'^] X ui^+''[t^\a^^] U ■ ■ ■ U u^[^['\a['^] x , af ]. 

2. F^^f^[K) is a molecule in ui x u^^^^^ or the empty set. 

Proof. The first part is a direct consequence of the definition for F^^'^J^ and conditions 
2 and 3 in the above lemma. Note that a pair of consecutive (^2, ^^3; -^21 -^3)-projection 
maximal atoms A*-**^ and A'-'*"^^-* with if > il~^^ in the above lemma are (l,4)-adjacent and 
mm{i^\ i'^^^^ } = I2 and min{4'^\ 4'^^^''} ~ -^3- follows from the sign conditions that 
^ = -(-)*i''^''+^2+/3c^('^+i)_ This implies that F^lf^{k) is a molecule in ui x u^^^^'' or the 
empty set, as required. 

□ 

We can similarly prove that -F/^^}"* (A) is a molecule or the empty set for every pair of s and 
t with l<s<t<4in the corresponding products of three (twisted) infinite dimensional 
globes. 

Lemma 4.4.8. Let K be a subcomplex of ui x U2 x U3 x U4 satisfying the four conditions in 
Theorem \4-4-^ - Then F^J'{A) satisfies condition 1 for pairwise molecular suhcomplexes. 



Proof. The argument for various choices of r are similar. We only give the proof for r = 4. 

Suppose otherwise that F'^^{A) does not satisfy condition 1 for pairwise molecular sub- 
complexes. The there is a pair of maximal atoms A = 'Ui[ii,ai] x U2[i2-,c^2\ x %[^3,tt3] 
and A' = x U2[i'2,Ci'2\ x us[i's,Ci'^ such that is < i'g for all 1 < s < 3. Thus 
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we have it = i'^ and at = —a[ for some 1 < t < 3. Hence there is a pair of ('U4,/4)- 
projection maximal atoms of the form = x U2[i2iOi2\ x "i^si^SiCis] x ^^4[«4,Q;4] and 

ix' = ui[i[,a[] X U2[i2,(y2] x «3[i3,a3] x 'U,4[i4, q;4]. By condition 1 in Theorem [4.4. 1| , 



we ev- 



idently have ii > i'^ > I4. It follows from condition 3 in Theorem |4.4.1| that there is a 
maximal atom Ui[li, ai] x U2[l2, o'2] x u^ll^, a^] x u^ll^, a^] such that Ig > for all 1 < s < 3, 
^4 > ^4 > -^4 and It > it- This contradicts that fi is (^4, /4)-projection maximal. 
This completes the proof. 

□ 



By the comment after Proposition |4.4.7] and Lemma ^.4.8|, we have now completed the 



proof for Theorem 4.4.1 



4.5 Sources and Targets of Pairwise Molecular Sub- 
complexes 

In this section, we study source and target operators d"^ on pairwise molecular subcomplexes 
in ui X U2 X X U4. We shall prove that d'^A is pairwise molecular for every pairwise 
molecular subcomplex A of Ui x U2 x x U4^. 

Recall that d'^A is a union of interiors of atoms for every subcomplex A of mi x ^2 x ^3 x ^4. 
Hence the maps FjJ and -F^^}"* are defined on rf^A. 

We first show that dJA is a subcomplex for a pairwise molecular subcomplex A. The 
proof is separated into several Lemmas. 

Lemma 4.5.1. Let A be a subcomplex of ui x U2 x x and A = x M2[z2,tt2] x 

''^sl^Sjtts] X M4[i4,Q;4] be a p-dimensional atom in A with Int A C d^^^A. If there is an atom 
X' = Ui[i[, a[] X U2^2-. '^2] ^ ""sl^S) '^3] ^ ^4^) O4] ^ '"'^^^ A' D A such that i'^ > ig for some 
s, then as = (-)*i+--+*=-i7. 

Proof. The proof is similar to that in p.5.1| . □ 

Lemma 4.5.2. Let A be a pairwise molecular subcomplex of ui x U2 x U3 x u^. Let A = 

X U2[i2,0(2] X ti3[i3,Q;3] X ti4[z4, a;4] be a p-dimensional atom with Int A C d'^A. For 
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1 < s < 4, if there is a maximal atom A' = ui[i[, a[] x U2[i2, (^2] ^ %[^35 ct'sl ^ U4^[i'^, a'^] in A 
with i'g > is such that i'^ > ir for all r G {1, 2, 3, 4}, then = (— 

Proof. The arguments for various choices of s are similar. We only give the proof for s = 1. 

Suppose that there is a maximal atom A' = a'^^] x [^2 ''^2] ^ ""sf^a'^^a] ^ '^^4K5tt4] 
such that i[ > ii and i'^. > ir for all r G {2, 3, 4}. If A' can be chosen such that A C A', then 
we have ai = 7 by Lemma |4.5.1| , as required. In the following proof, we may assume that 



A' cannot be chosen such that A C A' so that Ut[i[,a^] = Ut[it,—ctt] for some t G {2,3,4}. 
Since Int A C A, there is a maximal atom /i = ui[ji, Pi] x M2[i2,/^2] x Wabsj/Sa] x u^[j4,,P4] 
such that A C /i. By the assumption on the choice of A', we have Ui[ji,Pi] = Ui[ii,ai]. By 
applying Lemma |4.4.3| , we may further assume that jt > it- 

1. Suppose that A' and can be chosen such that min{z^,jV} > V for two value of r G 



{2,3,4}. According to condition ^ in Theorem 4.4.1 , we may suppose that min{z'^,jj.} > v 
for r = 3 and r = 4, and that J2 > "^2- Thus = 22 and a' = —a2- By Lemma [4.5. 1| , we have 
a2 = (— )*7, and hence 02 = ~(~)*7- According to the assumption, it is easy to see that A' 
is (1, 2)-adjacent to /i. It follows easily that ai = 7, as required. 

2. Suppose that A' and /i cannot be chosen as in case 1. Suppose also that A' and ^ 
can be chosen such that mm{i'^, j^} > ir for only one value of r G {2,3,4}. According to 
condition ^ in Theorem |4.4.1| , we may suppose that min{z4, J4} > i^, and that j2 > ^2 or 



js > is- We may further suppose that j2 > ^2 and i'2 = ^2 and a'2 = —a2- Note that, in this 
case. A' is (1, 2)-adjacent to /i. By an argument similar to that in case 1, we have ai = 7, as 
required. 

3. Suppose that A' and fi cannot be chosen as in case 1 and case 2. Then A' is adjacent 
to /i. By an argument similar to that in case 1, we have ai = 7, as required. 
This completes the proof. 

□ 



Lemma 4.5.3. Let A be a pairwise molecular subcomplex of ui x U2 x us x U4. Let A = 

Ui[ii, ai] X U2[i2, OL2\ x %[z3, ^3] X u^4^ be ap—1 dimensional atom such that Int A C d'^A. 
If there is a maximal atom X' = Ui[i[,a[] x U'^^.c^-^ x "Uafzgjag] x t/4[z^,a4] in A with 
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X' D X such that i'^ > ig and i[ > it for some 1 < s < t < 4, then = (— )*^^ ^^^-^j or 
at = -(-)»i+-+*t-i7. 



Proof. The argument is similar to that in Lemma 2.5.3. □ 



Proposition 4.5.4. Let A be a pairwise molecular subcomplex of ui x U2 x x u^. Let 

X = ui[ii,ai] X U2[i2,<y2] x 'liaf^SjCis] x 'U4[i4,a4] be a p — 1 dimensional atom such that 
Int A C d'^A. If there is a maximal atom X' = Ui[i[, a[] x U2[i'2, (^2] x '^3] ^ ''^4K) 
A with i'g > is and > it for some 1 < s < t < 4 such that Ur[i'j., a'^] D Ur[ir, cir] for at least 
three values of r E {1,2,3,4}, then as = (— or at = — (— )*i+'"+**-i-y. 

Proof. The arguments for various cases are similar. We give the proof for the following case. 

Suppose that there is a maximal atom A' = ui[i[, a[] x U2[i2, (y'2] x u-^li':^, a'^] x u^li'^, a'^] in 
A such that i[ > ii, i'a > 22, i's > ^3 and M4[«4, a'^] D M4[z4, 04]. If A' can be chosen such that 



A' D A, then we have ai = 7 or 02 = ~(~)*^7) as required, by Lemma |4.5.3| . In the following, 
we assume that A' cannot be chosen such that A' D A so that it3[«3,a3] = u^li^, —a^]. Let 
fj, = Ui[ji, l3i] X U2[j2, P2] X u^lJs, Ps] X U4[j4,(3i] be a maximal atom in A such that A C /i. 



Then ui[ji,Pi\ = ui[ii,ai\ or U2[j2T P2] = U2[i2,C(2]- According to Lemma |4.4.3| , we may 
assume that > i^. Now we consider three C3iSGS, clS follows. 

1. Suppose that cannot be chosen such that ji > ii or j2 > ^2- We claim that 
a'^ = -{-Y'+'^ai and a'^ = -(-)^2a2. 

Indeed, if A' and /x are (1, 3)-adjacent, then we have 03 = —{—Y'^^^'^ai by sign conditions. 
Suppose that A' and /i are not (1, 3)-adjacent. Then there is a maximal atom A" = Ui[i'(, a"] x 
U2[i2,ct2] X ii3[i3,a3] X U4[i'l,a'l] such that i" > ii, i!^ > i2, i'i > is and i'l > min{i4,j4}. 



According to the assumptions and Lemma |4.4.3| , we can see that u^li", a'l] = 1*4 [z4, —a^]. It 



follows easily from Lemma |4.4.3| that there is a maximal atom /i' = x U2[j2,(32] x 

^bs'/^s] ^ U4[j'^,/3'^] such that ui[j[, l3[] = Ui[ii,ai], U2[j2, P2] = ^^2[«2,a2], is > ^3 and 
> i^. By applying Lemma [4.4.3| and the assumptions, we can also get a maximal atom 
u = Ui[ki,ei] X U2[k2,S2] x 'U3[A;3,£3] X Uilk^jE^l in A such that ki > ii, k2 > «2, %[^35£3] = 
'^sf^si'^s] ^4 > '*4- is evident that u and /i' are (1, 3)-adjacent. It follows from sign 
conditions that a'^ = — (— )*^"^*^Q!i, as required. We can similarly show that a'^ = — (— )*^tt2. 
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Now, if = — (— )'^"'"*^7, then ai = 7, as required; if as = (— )*^''"*^7, then 0^2 = — (— )*^7, 
as required. 

2. Suppose that /i can be chosen such that ji > ii. Suppose also that ai = —7. 
Then U2[j2, (32] = "1*2 [^2,^2] by the assumptions. According to Lemma [4.5.3| , we have = 



— (— )*^"'"*27, and hence a'^ = (— )*i+*27. By Lemma |4.4.3| , it is easy to see that A' and 
/i can be chosen such that they are (2, 3)-adjacent. It follows from sign conditions that 
ct2 = P2 = —{~y^l, as required. 

3. Suppose that fi can be chosen such that j2 > ^2 and that 0^2 = (— )*^7. Suppose also 
that cannot be chosen such that ji > ii. According to condition ^ in Theorem |4.4.1 



Lemma [4.4.3| and the assumptions, it is easy to see that A' and fi can be chosen such that 
they are (1, 3)-adjacent and min{j2, ^2} = ^ + 1. According to condition ^ in Theorem |4.4.1 



there is a maximal atom A" = ui[i'l, a'/] x 'U2[^2! '^2] ^ "^sI^sj 0^3] ^ u^li'l, a'l] such that > ii, 
= j2, i'i > is and i'l > min{i4,j4} > 24. Moreover, we have = ~'^2 = ~(~)*^7 by the 

assumptions. According to Note [4.4.2| , we have 02 = — (— = — (— )*^ai. This implies 

that ai = 7, as required. 
This completes the proof. 

□ 

Lemma 4.5.5. Let A be a pairwise molecular subcomplex of ui x U2 x x u^. Let A = 

ai\ X U2[i2, CI2] X u^lis, a^] x u^li^, a^] be ap — 2 dimensional atom such that Int A C d'^A. 
If there is a maximal atom A' = ui[i'i, a[] x U2[i'2, ^2] x "^sKi 0^3] x Ui[i^^ a'^ in A with A' D A 
such that i'^ > ir, i'^ > is and i[ > it for some l<r<s<t<4, then ar = (— 17 or 
as = -(-)'i+-+^''-i7 or at = (-)*i+-+^*-i7. 



Proof. The argument is similar to that in Lemma 2.5.3. □ 



Lemma 4.5.6. Let A be a pairwise molecular subcomplex of ui x U2 x x u^. Let A = 

ai] X U2[i2-, 0^2] X 'W3[«3, 03] X ■U4[i4, a^ be ap — 2 dimensional atom such that Int A C rf^A. 
// there is a maximal atom A' = x -U2[«2,a;2] x ii3[^3,a3] x Ui[i'^.,a'^ in A such that 

i'^ > ir, i's > is and i[ > it for some l<r<s<t<4, and such that i'^ > if for f G 
{1, 2, 3, 4} \ {r, s, t}, then ar = {-y^+-+i-^j or as = -{-y^+-+'--^^ or at = {-y^+-+^^-^j. 
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Proof. The arguments for various choices of r, s and t are similar. We give the proof for 
r = 1, s = 3 and t = 4. 

Suppose that there is a maximal atom A' = ui[i[, a[] xu2[i2, ^"^^sl^si 0^3] xti4[z4, a'^] such 
that i[ > ii, i'2 > 12, i's > is and ^4 > 24. If A' can be chosen such that U2[i2, 02] ^ 'i^2[^2, ^2], 



then we have ai = 7, 03 = — (— )*i+*2^ or = (— )*i+*2+«3ry^ required, by Lemma [4. 5. 5 



In the following, we assume that A' cannot be chosen such that 'U2[^2 5 C('2\ ^ "^2 [^2, 0^2] so that 
M2[z'2,a^] = M2[i2,-a2]- Let = x U2[j2, ^2] X Us[js,p3] X M4b4,/34] bc a maximal 

atom in A such that /i D A. According to Lemma 4.4.3| , we can assume that j2 > ^2- We 
consider three C3iSGS, clS follows. 

1. Suppose that can be chosen such that there are exactly three value of r G {1, 2, 3, 4} 

such that jr > It- 

a. Suppose that n can be chosen such that j2 > "^2, js > ^3 and J4 > 24. Then 
Ui[ji,l3i\ = Ui[ii,ai] by the assumptions. We also have ^2 = (~)*^7; 03 = — (— 



or a4 = (-)^i+*2+*47 by Lemma g3^ . If Q!3 = -(-)^i+^27 or 04 = (-)*i+*2+^47, then 03 or 
04 is as required. If 0^2 = (— )*^7, then a'2 = — (— )*^7; moreover, it is easy to see that A' is 
(1, 2)-adjacent to yu; it follows from sign conditions that ai = Pi = 7, as required. 

b. Suppose that // can be chosen such that ji > ii, j2 > ^2 and > i^. Then we can get 
ai = 7, a3 = — (— )*i+*2^ or = (— )*i+*2+«4^^ required, by similar arguments as in case 
a. 

c. Suppose that fi can be chosen such that ji > ii, j2 > 12 and > i^. Suppose also that 
(jL cannot be chosen such that ji > ii, J2 > ^2 and J4 > 14. According to the assumptions, it 
is easy to see that A' and fi are (2, 4)-adjacent and minjzg, J3} = 23 + 1. By condition ^ in 



Theorem [4.4. 1| , there is a maximal atom A" = Mi[z",a;'/] x ^t2[^2,a2] x U3[23,a3] x U4[i'l,a'[\ 
in A such that z" > i, i'^ > 12, i'i = ^3 and i'l > i^. According to the assumptions, we 
have ctg = —03. Now, if = — (— )*^~^*^7, then it is as required. If = (— )*^"^*^7, then 



a 



3 = — (— )*^'''*^7; therefore we have 0:4 = (— )*i+*2+*3^ Note |4.4."2| , as required. 



2. Suppose that cannot be chosen such that there are three value of r G {1,2,3,4} 
such that jr > ir- Suppose also that /i can be chosen such that there are two value of 
r G {1, 2, 3, 4} such that jr > ir- 
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a. Suppose that /i can be chosen such that ji > ii and j2 > 12- Then we have 'Usfj's, /^s] = 
%[^3;«3] and it4[j4,/54] = M4[z4,a4] by the assumptions. Moreover, by Lemma |4.4.3| and the 



assumptions, we can see that A' is both (2, 3)-adjacent and (2, 4)-adjacent to yu. It follows 
easily that 03 = — (— )*i+*2-y or 04 = (— )«i+«2+«3^^ required. 

b. Suppose that /i can be chosen such that j2 > ^2 and > i^. We can get ai = 7 or 
^3 = — (— similar arguments as that in case a. 

c. Suppose that fi can be chosen such that 72 > ^2 and js > 23. Then we have Ui[ji, Pi] = 
ui [ii, ai] and U4[j4, /S^] = u^lii, 0:4] by the assumptions. According to condition ^ in Theorem 
[1.4. 1| , Lemma |4.4.3| and the assumptions, it is easy to see that A' is both (1, 2)-adjacent and 
(2, 4)-adjacent to fi, and that minjig, J3} = + It follows easily from sign conditions that 
«! = 7 or 04 = (— )*i+*2+*3^^ g^g required. 

3. There remains the case that /i cannot be chosen such that ji > ii or > or 



j4 > ^4. In this case, we have Ur[jr,(3r] = Ur[ir,0-r] for all r G {1,3,4}. By Lemma |4.4.3 
it is easy to see that A' and /i are adjacent. It follows from sign conditions that ai = 7 or 
03 = — (— )*i+*2-y or 04 = (— )«i+«2+«3^^ required. 
This completes the proof. 

□ 

Proposition 4.5.7. Let A be a pairwise molecular subcomplex of ui x U2 x U3 x U4. Then 
dJA is a subcomplex. 



Proof. We have already seen that rf^A is a union of interiors of atoms. By Lemma |2.5.5| , it 
suffices to prove that for every atom A with Int A C d'^A and every atom Ai with Ai C A, one 
has Int Ai C dJA. It is evident that there is a sequence A D Aj D A^ D • ■ ■ D Ai such that 
the difference of the dimensions of any pair of consecutive atoms is 1. We may assume that 
dim Ai = dim A — 1. 

Let A = x U2[i2,ct2] x u^li^jas] x u^li^jai]. Since Int A C rf^A C A and A 

is a subcomplex, we have Ai C A C A and dim Ai < dim X < p. Suppose that fj. = 
ui[li,(Ji] X U2[l2,o'2] X 'U3[/3, cTs] X 'u,4[/4,cr4] is an atom with dim// = p+1 and Ai C /x C A. 
We must prove Ai C djfi. 
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If A C /i, then Ai C A C d^/i since A C rf^A. li Ig > + 1 for some s, then > + 1 
for some s; hence we also have Ai C djfi by the formation of d'^fi. In the following, we may 
further assume that X <^ fi and that Is < is + ^ for every s. Thus Ut[it,at] </i Ut[lt,crt] for 
some t, and hence Ut[lt, crt] = Ut[it, —at] or Ut[lt, crt] = Ut[it — l, at]; moreover, we can see that 
Us[is, as] C Us[ls, cTs] for every s with s t. Note that dim fi = p + 1 and dim A < p, we now 
have 5 follows. 

1. Suppose that Ut[lt, crt] = Ut[it, —at] for some t and Is = is + ^ for only one value of s. 
The proofs for different choices of t and the one value for s are similar. We give the proof 
only for the case /i = ii + 1 and U2[l2, (^2] = U2[i2, — «2]- In this case, we can see that Ai is 
of the form Ai = Mi[ii,ai] x U2[i2 — 1,q;2] x "f^sl^Si^s] x 'U4[i4,a4]; we also have dim A = p. 



According to Proposition [4.5.2| , we have ai = 7. This implies that Ai C c?^//, as required, by 
Lemma |2.1.2| . 

2. Suppose that It = it — 1 and Ig = is + ^ for only two values of s. The proofs for 
different choices of t and the two values for s are similar. We give the proof only for the 
case I2 = i2 — ^, h = ii + ^ and (3 = 13 + 1. In this case, we can see that Ai is of the 
form Ai = x U2[i2 — l,o"2] x ^sl^SjCts] x U4[i4,a4]; we also have dim A = p and 

tt4[/4, CTi] = U4[i4, a^]. To get Ai C d^fi, it suffices to prove that ai = 7 or 0:3 = (— 



Lemma 2.1.2 



Let A' = a']^] x U2[i2,a2] x % [23,03] x 'U4[i4,a4] be a maximal atom in A such that 
A C A'. Let /i' = Mi[/'^,cr^] X U2[l2,cr'2] X U3[l'^,a'^] x 'U4[/4,(T4] be a maximal atom in A such 
that /i C /i'. If A' can be chosen such that i[ > ii or Zg > i^, then we have cti = 7 
or as = (— ]jj Lemma [4.5. 1| which implies that Ai C ci^/Lt, as required. If there 
is a maximal atom fi" = Ui[l'-[,a1] x M2[^2'^2] ^ ^[^si^s] ^ 'i^4[^4)^4] with > v for all 
r G {1,2,3,4} such that /'/ > ii or /g > 23, then, by Proposition [4.5.2| , we have ai = 7 or 
as = (— which implies that Ai C d^/i, as required. 

Now suppose that A' cannot be chosen such that i[ > ii or i'^ > i^. Suppose also that 
there is no maximal atom ^i" = tti[/'/, a"] x U2[l2, CT2] x 'U3[/3, 0-3] x U4[/4, a'l] with > ir for all 
r G {1,2,3,4} such that Z'/ > ii or /g > 23. Then a']^] = ni[ii,Q;i], U3[z3,a3] = U3[i3,a3] 
and U2[l'2, 0-2] = U2[l2, C2] = U2[i2 — 1, 0:2]- It is easy to see that A' is both (1, 2)-adjacent to /i' 
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and (2, 3)-adjacent to /i'. If 02 = ^("~)*^7, then we can see that ai = 7 by sign conditions; 
if (72 = (— )*^7, then we can see that 03 = (— )*i+*2-)/ by sign conditions. These imply that 
Ai C d^//, as required. 

3. Suppose that z/t[/f,crt] = ut\it, —at\ for some t and Is = is + ^ for only 2 value of s. 
The proofs for different choices of t and the 2 values for s are similar. We give the proof 
only for the case U2[l2,(72\ = W2[^2, —0-2], h = ii + I and I3 = is + 1. In this case, we can 
see that Ai is of the form Ai = Ui[ii, ai] x U2[i2 — 0^2] x Usl^s, c^s] x u^li^, a^]; we also have 
dim A = p — 1. According to Proposition 4.5.4| , we have ai = 7 or 0:3 = — (— )*^+*^7. This 
implies that Ai C d'^fi, as required, by Lemma |4.1.1| . 

4. Suppose that It = it — ^ and = + 1 for the other three values of s. The proofs for 
different choices of t are similar. We give the proof only for the case U2[l2, C2] = U2[i2 — ^, ct2], 
/i = ii + 1, ^3 = 23 + 1 and 1^ = 14 + 1. In this case, we can see that Ai is of the form 
Ai = 'Ui[2i,ai] X U2[i2 — l,o"2] X "Wsl^Sjtts] X 'U4[24,q;4]; we also have dim A = p — 1. To get 
Ai C d^fi, it suffices to prove that ai = 7 or a3 = (— )*i+*2^ or 04 = — (— )*i+*2+*3^ Lemma 

Let /i' = ni[Z'^,o"i] x ti2[/2,cr2] x U3[l'^,a'^] x tt4[/4,a"4] be a maximal atom in A such that 
fj, C /i'. Let A' = ui[i[, a[] x tt2[«2, a'2] x u^li'^, a'^] x u^li'^^, a'^] be a maximal atom in A such that 
A C A'. If fi' can be chosen such that > i2, then we have ai = 7 or 04 = — (— )*i+*2+*3^^ as 



required, by Lemma [4.5.4| . In the following proof, we may assume that n' cannot be chosen 
such that l'2> i2- Now there are two follows. 

a. Suppose that A' can be chosen such that there are exactly two values of s G {1,3,4} 
such that i'g > ig- If A' can be chosen such that i\ > ii and i'^ > i^, or such that 23 > 23 
and ^4 > 24. Then it is easy to see that ai = 7 or 03 = (— qj, q,^ _ _^_yl+^2+^3^^ ^s 
required, by Proposition |4.5.4| . Suppose that A' can be chosen such that i[ > ii and i'^ > i^. 
Suppose also that ai = —7. By the assumptions, we have U4[i'^,a'^] = M4[z4,a4]. According 
to Proposition [4.5.4| , we also have as = — (— )*^"*'*27. By the assumptions and condition ^ 
in Theorem [4.4. 1| , it is easy to see that A' is (2, 4)-adjacent to fi' and min{i3, /g} = 23 + 1. 
According to condition ^ in Theorem 4.4. 1| , there exists a maximal atom u = ui [ji , Pi] x 
U2[j2, [^2] X uslJs, f^s] X M4[j4, ^4] such that ji > ii, j2 > 12, h > is and > U- If Wabs, f^s] ^ 
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u^[i3, cts], then it is easy to see that = — (— )*i+*2+*3^^ required, by Proposition |4.5.4| . If 



js = is and = —a^ = (— )*^^*^7, then, by Note [4.4.2| , we also have 0:4 = 0(4 = — (— )-'^/?3 = 
— (— )*i"''*2+*3^^ as required. 

b. Suppose that A' cannot be chosen such that there are two values of s G {1,3,4} such 
that i'g > is- By our assumptions, it is easy to see that i'^ > is for at most one value of 
SG {1,3,4}. 

Suppose that A' can be chosen such that i[ > ii. Then % [23,03] = %[i3,Q;3] and 
U4[i'i, O4] = ^4[^4, CI4] by the assumptions. It is also easy to see that fi' is both (2, 3)-adjacent 
and (2, 4)-adjacent to A'. It follows easily that as = (— )*i+*27 (when a2 = (— )*^^*^7) or 
04 = — (— )*i+*2+*3-y (when (72 = — (— )*^'''*^7), as required. 

Suppose that A' can be chosen such that ^4 > i^ or A' = A. By arguments similar to 
that in the last paragraph, we can get ai = 7 or 03 = (— )*i+*2^ or 04 = — (— )*i+*2+*3^^ g^g 
required. 

Suppose that A' can be chosen such that i'^ > i^. According to the assumptions and 
condition ^ in Theorem [4.4. 1| , it is easy to see that A' and /i' are both (1, 2)-adjacent and 



(2, 4)-adjacent. By condition |^ in Theorem |4.4.1| again, we can also get min{z3, /g} = 23 + 1 



It follows easily that ai = 7 (when a2 = —{—y^~^^'"f) or = — (— )*i+*2+*3^ (when a2 = 
(_)n+«2^^^ as required. 

5. Suppose that ut[lt,o't] = ut[it, —at] for some t and Is = is + ^ for 3 values of s. The 
proofs for different choices of t and the 3 values for s are similar. We give the proof only for 
the case U2[l2, ^2] = U2[i2, —0^2], = + 1 and I3 = i^ + 1 and U = i^ + 1. In this case, we 
can see that Ai is of the form Ai = Ui[ii, ai] x M2[^2 — 1; 0^2] x u^li^, a^] x u^li^, a^]; we also 
have dim A = p — 2. According to Proposition [4.5.4| , we have cei = 7 or 03 = — (— )*i+*2^ or 
04 = (— )*i+*2+*3^_ This implies that Ai C d'^n, as required, by Lemma f2.1.2\ 

This completes the proof. □ 

Proposition 4.5.8. Let \ be a pairwise molecular suhcomplex of ui x U2 x U3 x U4. For 

l<s<A,ifp>Isand F/;(A) ^ 0, then F/;(d^A) = (i^_j^F7;(A). 

Proof. The arguments for various choices of s are similar. We give the proof for s = 2. 
We first prove that dl_^^F^^{K) C Fl^{d],A). 
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Let Ui[ii, ai] x 1x3^ [«3, 03] x u^^li^, a^] be a maximal atom in d^_j^F^_^{A). We must show 
that ai] X u'^^[is, a^] x u^^^[i4, C F^^((i^A). Since 'Ui[ii, ai] x Wg^f^s, 0:3] x ul^[i4, C 
dp_j,^F^^{A) C F^^(A), we can see that ui[ii,ai] x M2[/25tt2] x ^[^s^tts] x tt4[«4,a4] C A for 
some sign a2- We now consider three CclSGS, clS follows. 

1. Suppose that dim('Ui[zi, ai] x u^^^[i3,as] x ul^[i4,a4]) < p — I2, then x 
ul^[is,a^] X M4^[«4,a;4] is a maximal atom in F^^(A). We claim that 'Ui[zi,ai] x U2[l2,Ci2] x 
Usiis, 03] X W4[z4, a^l C d'^A. Firstly, it is evident that dim('Ui[2i, ai] x U2[l2, 0^2] x M3[i3, ^3] x 
W4[u,a4]) < p. Moreover, suppose that there is a maximal atom Mi[i']^,a'J x U2[i2,C('2\ x 
u^li'^, ag] X U4[i'4, 04] in A such that ui[i[, a[] x U2[i2, ^2] x u^li'^, a'^] x U4[i'^, 04] D Ui[ii, ai] x 
U2[h,o:2] X M3[z3,q:3] X M4[z4,a4]. Then it is evident that ttr[«^)Ctr] = Ur[ir,ctr] for all 
r G {1,3,4}. According to Lemma^]L^, we have tti[zi, ai] xtt2[/2, 0^2] x%[z3, as] XM4[z4, 04] C 



dj{ui[i[,a[] X 'U2[^2)«2] ^ %[^3''^3] ^ ''^4[^45 tt^])- It follows easily from Lemma |1.2.11| that 

ai] X W2[/2, ^2] X Mglig, 03] X M4[i4, a4] C d'^A. Hence ai] X M3^[23, ^3] X 'U4^[24, 04] C 

2. Suppose that dim('Ui[ii, ai] X [23, 03] X ^4^ [^4, 04]) =p — l2. Suppose also that 0:2 can 
be chosen such that 02 = (— )*^7- We claim that ui[ii, ai] x M2[/2, 0^2] x u^li^, a^] x tt4[u, 04] C 
dJA. Indeed, it is evident that dim(Mi[zi, ai] xw2[/2, a2] xu3[z3, 0:3] XM4[i4, 04]) = p. Moreover, 
suppose that there is a maximal atom Ui[i[, a[] x U2[i2, 0^2] x u^li'^, a'^] x U4[i'^, a'^] in A such 
that ui[i[, a[] x 'U2[^2i '^2] x u^li'^, a'^] x W4[i4, 04] D 'Ui[ii, ai] x 'U2[/2, 0^2] x M3[i3, as] x 'U4[24, ^4]. 
Then 'Ui[2i,ai] x W3^[«3,as] x 'U4^[i4,a4] C 'Ui[i'^,a'^] x ti3^[z3,a3] x M4^[24,q;4] c Fp{A). Thus 



ai] X -Ug^ [^3, as] x u^^ [14, 04] C d'l_j,^{ui[i[, a[] x -Ug^ [zg, ag] x u^^ [14, a'4]) by Lemma |1.2.11 



It follows easily from Lemma ^.l.2| and [4.1.1| that Ui[ii, ai] X'U2[/2, a2] XMg[is, as] X'U4[24, 04] c 
d'^{ui[i[,a[] X ^^2[^2, "2] x "Usl^s, "3] x M4K, a^). Therefore ai] x M2[/2, 02] x M3[z3, as] x 
W4[u,a4] C d^A, and hence Mi[zi,ai] x ti3^[2g,ag] x u'4 [14,04] C F^^{dJA), as required. 

3. Suppose that dim(ui[ii, ai] x U3^[23,a3] x 'U4^[^4,a4]) = p — l2- Suppose also that 
a2 cannot be chosen such that a2 = (— )*^7. Then = I2 and a2 = a2 = — (— )*^7- By 
arguments similar to those in case 2, it is easy to see that Ui[ii, ai] x 'U2[/2, a2] x "Usf^s, as] x 
W4[u,a4] C d'^A. Therefore Mi[2i,ai] x W3^[z3,a3] x v}l\%4,a4\ C F'^^id^^tC), as required. 

This completes the proof that dl_^F'^l{A) C F//(rf;jA). 
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Conversely, let A = x ul^[i3,a:i\ x M^^[i4,a4] be an atom in ui x u^^ x u^^ such 

that Int A C Fl^idJA). We must show that Int A C dl^j^F^^{K). 

It is easy to see that there is an atom Mi[ii,Q!i] x 'U2[i2 7«2] x ^al^Si^s] x 'U4[i4,Q!4] in A 
such that Int('Ui[ii, ai\ x U2[i2, ^2] x 03] x M4[z4, 04]) C d^K and 12 > h- Since d^K is a 
subcomplex of lii x x -us x 1x4, we can see that ui[ii, ai\ x M2[-^2, 0^2] x ^^3(^3, as] x z/4[«4, 04] C 
d^A for some sign a'2. It follows that dim(?/i[zi, ai] x it3^[«3, 03] x u^^[ii, a;4]) < p — h- Clearly, 
we have A C F^^(A). To prove that Int A C dp_j^Fj_^{A), it suffices to verify the second 



condition in the Lemma 1.2.11 . Let fi = ui[li,ai\ x 1/3^ [^3, 0-3] x uHi^^a^] be an atom in 
F^^{A) such that A C /i and dim/i = p — /2 + 1. We must prove that A C dj^^j^^. It is 
evident that Ui[li, ai] x M2[/2 5 o'2] x 'U3[/3, 0-3] x M4[/4, a^] C A for some sign If /i > zi + 1, 
^3 > "^3 + 1 or /4 > ^4 + 1, then it is evident that A C d'^fi, as required. In the following 
prove, we may assume that h < ii + 1, h < i3 + 1 and /4 < ^4 + 1 so that dim A = p — /2 or 
dim A = p — /2 — 1 or dim X = p — I2 — 2. Now there are various cases, as follows. 

Suppose that ctg and (T2 can be chosen such that 02 = a"2. Then Mi[zi,ai] x t>[/2,a2] x 
W3[^3,a3] X W4[z4,a4] C d'^An ('Ui[/i,o-i] X U2[/2,o-2] X U3[k,a3,] X U4[U,cr4]) C d],{ui[li,cri] X 
''^2 [-^2 5 (^2] X Uslls, a^l X Ui[U, a^]). It follows easily from Lemma |4.1.1| and Lemma |2.1.2| that 
A C d'^_j^fi, as required. 

Suppose that a2 and 0-3 cannot be chosen such that = '^2- Suppose also that I2 > 0. 
Since d'^A is a subcomplex, we know that Ui[ii, ai] X'U2[/2 — 1, ±] XM3[i3, a^] xm4[24, a^] C d'^A. 
This implies that Ui[ii, ai] x M2[/2 — 1, ±] x 'U3[23, ^3] x M4[z4, a^] C dj{ui[li, ai] x W2[/2, ^"2] x 
%[^3,o-3] X M4[/4,a4]). Hence Ui[ii,ai\ x W2[/2,cr2] x M3[23,a3] X U4[u,a4\ C d],{ui[li,ai] x 
W2[/2; C2] ^ "^3 [^3) ^3] X U4[U, cr^l). It follows easily from Lemma |2.L2| and Lemma that 
A C dp_j^fi, as required. 

There remains the case that J = and 02 and r' cannot be chosen such that 02 = Cg. 
By arguments similar to those in cases 1, 3 and 5 in the proof of Proposition |2.5.(j| , we can 
get A C dp_j^fi, as required. 

This completes the proof. 

□ 

Lemma 4.5.9. Let A be a pairwise molecular subcomplex. Then d^A satisfies condition 1 
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for pairwise molecular subcomplexes. 



Proof. Let A = Mi[?i,ai] x 'U2[^2,«2] x ii3[^3,«3] x M4[«4,a4] and A' = iti[z']^, a'^] x U2[i2,C(2] x 
^^sl^siCt's] X i/4[i4,a4] be a pair of maximal atom in d'^A with ig < i'^ for every value of s. 
We must prove that A = A'. Suppose that dim A < p or dim A' < p. Then it is easy to 
see that A is a maximal atom in A when dim A < p and A' is a maximal atom in A when 
dim A' < p. According to condition 1 for A, we can see that A = A', as required. In the 
following argument, we may assume that dim A = p and dim A = p so that ig = i'g for every 
value of s. 

Now suppose otherwise that A 7^ A'. Then Ut[i'f, a[] = Ut[it, —at] for some t. Let r be such 
that r ^t. By Proposition jj^TSj we have i^"'-(A) C Fl^jidJA) = dl_^^Fl^{K) and similarly 
F:;{\') C dl_,F:;{K). Since dimi^:^(A) = dimi^:^(A') = p - v and dimd^_,^i^:^(A) < 
p — ir, we can see that Fl'j^X) and F^"''(A') are maximal atoms in the molecule (ip_j F,"''(A). 
It follows from condition 1 for d^_,^i^^^(A) that i^"'-(A) = i^"'-(A'). This contradicts the 
hypothesis that Ut[i[,a't\ = Ut[it, —at]- 

This completes the proof. 

□ 



Proposition 4.5.10. Let A be a pairwise molecular subcomplex. Then so is d'^A. 

Proof. We have shown in the last Lemma that d'^A satisfies condition 1 for pairwise molecular 
subcomplexes. Moreover, by Proposition [4.5.8| , we have F^^''{d'^A) = d^p_j^F^^{A) for all 



values of s G {1,2, 3, 4} and all Is with Ig < p. Since F]^j{A) is a molecule or empty set for 
every value of s and every Ig, we can see that F^°(d^A) is a molecule or empty set for every 
value of s and every Ig. It follows from the definition that d'^A is pairwise molecular. 

This completes the proof. □ 



Theorem 4.5.11. Let A be a pairwise molecular subcomplex. Then the dimension of every 
maximal atom in d'^A is not greater than p. Moreover, an atom of dimension less than p 
is a maximal atom in d^A if and only if it is a maximal atom in A; an atom Ui [21,01] x 
U2[i2i 0^2] X %[^3) 03] X Uilii, 0:4] of dimension p is a maximal atom in d^A if and only if there 
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is a maximal atom Ui[ki,ei] x U2[k2,e2] x uslk^^e^] x 'U4[A;4,£4] in A such that kg > ig for 
1 < s < 4, and the signs (^1 < s < 4j satisfy the following conditions: if Ui[ki.^ei\ x 
U2[k2,e2\ X u?j[k-i,e^ x «4[A;4,£4] can he chosen such that kg > is and kr > ir for 1 < r < 4, 
then as = (— )*i+'"+*''-i-y; otherwies as = Ss- 



Note 4.5.12. It follows easily from condition ^ in Theorem [4.4.1| that are well defined 
for all 1 < s < 4. 

Proof. By the definition of rf^A, it is evident that the dimension of every maximal atom in 
dJA is not greater than p. 

Let Ai be the subcomplex of ui x U2 x x as described in this theorem. It is easy 
to see that Ai satisfies condition 1 for pairwise molecular subcomplexes. By Lemma |4.1.7| , 
it suffices to prove that F^''(Ai) = F^^{d'^A) for all Ig and all 1 < s < 4. The arguments for 
different choices of s are similar. We now give the proof for F^^(Ai) = F^^{d'^K). If I2 > p, 
then it is easy to see that F^^(Ai) = = Fj^[d'J,A), as required. In the remaining proof, we 
may assume that I2 < p. We have known that F^^{d'^A) = dp_j^Fj^{A). We need only to 
prove that F^'iA,) = dl_jFl\A). 

By the definition of F^^, it is easy to see that F^^(Ai) and dp_j^F{A) are subcomplexes 
of ui X X u^^. We are going to prove that F^^(Ai) and d^_j^F^^{A) consists of the same 
maximal atoms so that they are equal. 

We first prove every maximal atom in F^^(Ai) is a maximal atom in d^_j^Fj^{A). 

Let fi = Ui[ii, ai] x uj^^[is, a^] x ul^[i4, 04] be a maximal atom in F^^(Ai). Then Ai has a 
(u2, /2)-projection maximal atom A of the form A = ui[ii, ai] xu2[i2, 0^2] Xf^si^s, as] xu4[i4, 04] 
with 12 > h- Hence A has a maximal atom A' = ui[i[, a[] x U2[i'2, oi^ x ^[zg, ag] x U4^i^, 04] 
with ig < i'g for all 1 < s < 4. 

Suppose that Z2 = I2 and dim A = p. Since ui[i'i, a'J x u^^^li'^, a'.^ x u^4[i'4, a'^] is a atom in 
F^^(A) and ii + is + ^4 = p — I2, we know that d^_j^F^^{A) has a maximal atom of the form 
Ui [ii, a'{\ X [23, ftg] X u^^ [^4, a'l]. Moreover, we can see that for a fixed t G {1, 3, 4} there is a 
maximal atom ui[ji, x 'U2[j'2, [^2] x u^ljs, P3] x U4[j4, P4] in A with is < js for all s G {1, 3, 4} 
such that it < jt if and only if there is a maximal atom ui[ji, /3i\ x 1^3^ [^2 , /^s] x ul^[j4,/34\ 
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in F^^(A) with ig < jg for all s G {1,3,4} such that it < jt- It follows that from Theorem 
2.5. 12| that as = ot'g for all s G {1, 3, 4}, thus /i is a maximal atom in dp_j^F{A). 

Suppose that ^2 = h and dim A < p. Then A is also a maximal atom in A. Therefore 
H = Fj^{X) is a maximal atom in F^^(A). Since ii + is + i4 < p — I2, we know that /i is a 
maximal atom in dp_j^F{A). 

There remains the case that i2 > h- In this case, there is no maximal atom 'Ui[ii,/?i] x 
U2[j2,f32] X uslis^Ps] X W4[i4, A] m A with js > for all s G {1,3,4} such that js > is for 
some s G {1,3,4}. So is = i'g and as = a's for all s G {1,3,4}. On the other hand, since 
H = ui[ii,ai] X -U3^[z3,Q!3] X M4^[i4,a4] = Ml [i'^ , a'^] x ul^[i'r^,a'r^] x ul^[i'^,a'^] = Fj^{X'), we can 
see that /i is a maximal atom in F^^(A). Because dim/x = i[ + i'^ + i'^ < p — I2, it follows 
from Theorem p.5.12| that is a maximal atom in dp_j^F]^^{A). 

This shows that every maximal atom in F^^(Ai) is a maximal atom in dp_j^F^^{A). 

We next prove that every maximal atom in dp_j^Fj^{A) is a maximal atom in F^^(Ai). 

Let fi = ui[ii,ai] x n3^[z3,a3] x M4^[i4,a4] be a maximal atom in d^_j^F]^^{A). Then 
Fj^{A) has a maximal atom /x' = x ul^[i'^,a'r^] x M4^[i4,Q;4] with is < i's for all 

s G {1,2,3}. Therefore A has a (1x27 -^2)-projection maximal atom A' of the form A' = 
ui[i[,a[] X U2[i2,a'2] x -U3[i3,a3] x 'u,4[i4, 0:4]. 

Suppose that ii + is + i^ = P ~ h- Then Ai has a ('U2, -^2)-projection maximal atom 
of the form A = x U2[i2,(^2] ^ ^l^SiC^s] ^ ^i4[^4,a4]- It is easy to see that for a 

fixed t G {1,3,4} there is a maximal atom Ui[ji,(3i] x U2[j2, /32] x UslJs, (33] x u^U^jPi] in A 
with is < js for all s G {1,3,4} such that it < jt if and only if there is a maximal atom 
ui[ji,Pi] X U3'[j2,p3] X M^[j4,/34] in F;;'(A) with < for all s G {1,3,4} such that it < jt- 
It follows that a" = for s = 1,3,4. Therefore we have F^^{X) = Ui[ii,a'(] x U2[i2,C(2] x 
M3[23,a3] X 'U4[i4,a4] = /i. This implies that /z is a maximal atom in F^^(Ai). 

Suppose that ii + is + i4 < p — h- Then = Mi[ii,ai] x u^r^^[i3,as] x M4^[24,q;4] is also 
a maximal atom in F^^(A). So A has a ('U2, -^2)-projection maximal atom A' = x 
U2[i2,C(2] X M3[z3,a3] X M4[i4,Q;4] with i'2 > h- Now, if = I2, then dim A' < p; hence A' 
is also a maximal atom in Ai; it follows that = F^^(A'), and hence /i is a maximal atom 
in Fj^[Ai). Suppose that > l2- Then it is easy to see that there is no maximal atom 
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X U2[j2,P2] X %[i3,/33] X u^lji, P4] ill A with js > is for all s G {1,3,4} such that 
js > is for some s G {1,3,4}. Hence Ai has a (it2, /2)-projection maximal atom of the form 
A' = X U2[i2,Oi2] x ii3[i3,Q!3] X M4[i4,a4]. Hence we see that /x = F^^(A') and ;Lt is a 

maximal atom in F^^(Ai). 

This shows that every maximal atom in dp_j^F^^ (A) is a maximal atom in F^^(Ai). 

This completes the proof. □ 



4.6 Composition of pairwise molecular subcomplexes 

In this section, we study composition of pairwise molecular subcomplexes in iti x ^2 x M3 x ^4. 

Lemma 4.6.1. Let and A+ be pairwise molecular subcomplexes. If d^A^ = d^A'^, then 
for every pair of maximal atoms = Ui[ii , a^] x ^2(^2 , (^2] x "^sf^s , 0^3^] x u^li^^ , a^] in A~ 
and = ui[il,ai] x n2[«^,Q;^] x M3[i^,a3] x M4[z4 ,0:4] in A+ one has 

4 

^min{C,C} <P- 

s=l 

Proof. Let Ig = mm{i~ ,if}. Suppose otherwise that X]t=i ^ P- Then there is an ordered 
triple {ii, 22, is, i^} with is < h for every value of s such that J2t = P- Since J2t=i ^3 > P^ 
we have it < It for some t. If zi < /i, then, by Theorem [4.5.11| , we have d^A~ has a maximal 



atom of the form +] x M2[z2, 0^2] x u^{i^, x M4[z4, 04], while (ip A"*" has a maximal atom 
of the form — ] x W2[i2,tt2] x M3[z3,a3] x M4[i4,Q;4]. This contradicts condition 1 for the 
pairwise molecular subcomplex d^A" = d^A^. The argument for the cases 22 < h, is < h 
and u < U are similar. 

This completes the proof. □ 

Lemma 4.6.2. Let A~ and A+ be pairwise molecular subcomplexes in ui x U2 x x U4. If 

d;A- = d-A+, then F;;(A-) n F7;(A+) = F;;(A- n A+) = Fl'{d;A-) = F;;(d^-A+) for 
every value of s and every integer /<,. 

Proof. The proofs for different values of s are similar. We give the proof for s = 2. There 
are two follows. 
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1. Suppose that h > p. We first claim that F^^A-) n Ff"'(A+) = 0. 

Indeed, suppose otherwise that F^^(A^) nF^^(A+) 7^ 0. Then it is evident that there are 
atoms fi- = ,/9f] x U2[j2 , P2] x ^3^3 , P3] x u^u , P^] in A" and ^+ = Ui[jt,(3^] x 
U2[j2yP2] X "^3 [i^ 5/^3"] X 'f^4b4'! Z^^] in A+ such that j2 > h > P and 32 > J > P- This 
imphes that there are maximal atoms Wi[0, a']^] x M2[P) +] x ttsfO, ag] x M4[0, 04] and ui[0, a'/] x 
■^^2!^, — ] X W3[0, a'^] X 'U4[0, ^4] in dpK~ and c/^ A+ respectively. This contradicts the condition 
1 for pairwise molecular subcomplex d^A~ = d^A'^. 

Now we have F^^{d+A-) C F^:^{A- n A+) C F^^{K-) n Ff^{K+) = 0. Therefore 
Fl'{d;A-) = Fl\K- n A+) = Fl\K-) n F;/(A+), as required. 

2. Suppose that h < p. Since d+A' = rfpA+, we have d^_j^Fl'{A~) = F^^d+A') = 
Fl^{d-A+) = d-_j^Fl'{A+). Because F^^{A-) and F//(A+) are molecules, we can see 
that Fl%A-)ifp_jFl'{A+) is defined by Proposition glOj . Hence Fl^A') n F//(A+) = 
d+_j^Fl^{A-) = Fl^{d+A-) C F7/(A- n A+). Since we automatically have Fj';^(A- n A+) C 
Fl^{A-) n Fl^{A+), we get Fl^{A') n F;;^(A+) = F;;2(A- n A+) = Fl^{d+A-), as required. 

This completes the proof 

□ 



Proposition 4.6.3. Let A and A^ be pairwise molecular subcomplexes. Ifd^A =dpA'^, 
then A" n A+ = d+A"(= dp A+); hence A^#pA+ is defined. 

Proof. Let M = dpA~ = d~A~^. It is evident that M C A~ fl A"*". To prove the reverse 
inclusion, it suffices to prove that every maximal atom in A^ n A+ is contained in M. 

Suppose otherwise that there is a maximal atom A = tti[zi,a;i] x M2[«2,a2] x M3[i3,a3] x 
W4[u,a4] in A^ fl A+ such that A (t M. Since Ui[ii,ai] x M2[^25"2] x M3[z3,a3] = F^^^{\) C 
F-"'*(A~ n A+) = i^"''(M), we can see that M has a maximal atom A' = ui[i[, a[] x -U2[^2, "2] ^ 
■"sf^sjC^s] X M4[24,a4] such that Us[is,(ys] C Us[i'g,a'g] for s = 1,2,3. Because A = x 
U2[i2, 0^2] X 'U3[23, 03] X ti4[i4, 04] is maximal in A^flA^ and M C A^flA^, we have i'^ = i^ and 
Q;4 = —04. Now we know that AUA' C A~ and AU A' C A+. By Lemma [4.4.3|, it is easy to see 



that there are maximal atoms A = Ui[ii ,a^]x U2^2 > ^^2 ] ^ ""sfe ' "^s ] ^ , a4 ] in A and 
A''" = u^X.aW X M2 [i^ , a^] x % [z , 03 ] x M4 [z^ ,aX\ in A+ such that Us [i^ , a^] fl [z^ , a^] D 
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Ms[«s,as] for s = 1,2,3 and minli^ > i^. Since A is a maximal atom in A fl A+, we 
have i1 = il = + 1 and = —al- 

Now, we have ai] x M2[^2, as] x M3[i3, ag] c Fl\^{K-)r\Fl\^{K+) = F^^X^{A- nA+). 
Therefore A~ fl A+ has a maximal atom A" = Ui[i'-l,a'{\ x U2[i2,a2] x M3[i3,a3] x u^[i'l,a'^ 
with Us[i'g, O-l] D Us[i's, a'^ for s = 1, 2, 3 and i'l > i^. This contradicts the assumption that A 
is a maximal atom in A^ fl A+. 

This completes the proof. 

□ 

Proposition 4.6.4. Let A^ and A+ be pairwise molecular subcomplexes of ui XU2XU3XU4. 
If dpA^ = dpA^, then the maximal atoms in the composite A^^pA'^ are the common q- 
dimensional maximal atoms of A~ and A+ for q < p together with the r-dimensional maximal 
atoms in either A~ or A+ for r > p. 

Proof. Let A be the union of the maximal atoms described in the proposition. We must prove 
that A = A" U A+. Clearly, we have A C A" U A+; it suffices to prove that A U A^ C A. 
By the formation of A, we must prove that A C A for every maximal atom A = Ui[ii, ai] x 
U2[i2,C(2] X % [23,0:3] X tt4 [24,04] in either A" or A+ with dim A < p and such that A is not 
a common maximal atom in A~ and A"*'. In this case, it is easy to see that dim A = p. 
Suppose that A is a maximal atom in A''' which is not a maximal atom in A"'''. Then A must 
be a maximal atom in d^A^ = d^A'^ which implies that A C A^^ for some maximal atom 
A"''' = Ui[ii'^ , a^"^] X U2[i2'^' , 0^2''] x u^li^'^' , a^'^'] x M4[z4'^, 04'''] with dim A"'*' > p. Thus A C A. 
Therefore, we have A^ U A+ C A. 
This completes the proof. 

□ 

Proposition 4.6.5. Let A^ and A+ be pairwise molecular subcomplexes. If d^A^ = dp A"*", 
then A^7^pA+ is a pairwise molecular subcomplex of ui x U2 x x U4. 



Proof. Let A = A #pA^. According to Lemma [4.6. 1| and Proposition [4.6.4| , it is easy to 



see that A satisfies condition 1 for pairwise molecular subcomplexes. Moreover, we have 
Fl'{A-ifpA+) = F7;(A- U A+) = F/;(A-) U F/;(A+) for every value of s. 
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Now suppose that p > We have d+_jFl^{A-) = F^j{d^A-) = F/;(rf-A+) = 
f;;(A+). Thus f;;(A-#,A+) = f;;(A-)#,_, F/;(A+). Therefore F7;(A-#,A-t-) is 
a molecule. 

Suppose that p < Is. Then it is easy to see that F^f{A-) = or F^f{A+) = 0. (Otherwise, 
we have F^*(A^ fl A+) 7^ 0. This would lead to a contradiction to Lemma |4.6.1| .) Therefore 
F£^(A~7^pA+) is a molecule or empty set. 

We have now proved that F^^''{A~^pA'^) is a molecule or empty set for every value of 
s and every Ig. Evidently, A satisfies condition 1 for pairwise molecular subcomplexes. It 
follows from the definition that A is a pairwise molecular subcomplex of ui x U2 x U3 x U4. 

□ 



4.7 Decomposition of Pairwise Molecular subcom- 
plexes 

The aim of this section is to prove the following theorem. 

Theorem 4.7.1. If A is a pairwise molecular subcomplex, then A is a molecule. 

It is trivial that the theorem holds when A is an atom. Thus we may assume that A is 
a pairwise molecular subcomplex in ui x ^2 x ^3 x U4 which is not an atom throughout this 
section. We are going to show that A is a molecule. 

Let 

p = max{dim(A fl yu): A and n are distinct maximal atoms in A}. 
It is evident that there are at least two maximal atoms A and yu in A with dim A > p and 



dim fl > p. By Theorem [4.4.3| for pairwise molecular subcomplex A, it is easy to see that p is 
the maximal number among the numbers Ylt=i ^^^{'^s, js}, where A = ui[ii, ai] x U2[i2, ^2] x 
it3[z3,a3] X U4[i4,ai\ and ^ = Ui[ji,pi] x U2[j2, P2] x u-i[js, P3] x Ui[j4,P^] run over all pairs 
of distinct maximal atoms in A. 

Lemma 4.7.2. Let A = x U2[i2,C(2] x ^3(23, 03] x M4[z4,a;4] and /i = ui[ji,(3i\ x 

U2[j2,P2] X Usljs,^^] X W4[j4,/?4] bc maximal atoms in A with ^^=1 minji^, js} = p. 
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1. Let ii = ji and ai = —(3i. If i2 < j2, then a2 = (— )'^a;i; if is < js, then = 

2. Let Z2 = 32 and a2 = —^2- If ii < ji, then a2 = (— )*^Q!i; if is < js, then = (— )*^a2; 
ifii < ji, then = (-)^2+'^^'^^^3'J'3>a2- 

3. Let is = is and as = -Ps- If k < ji, then as = (-)*i+'^i°{»2j2}Q,^ . < j^^ fj^^^ 
as = (— )*^Q;2/ if U < ji, then a^ = (— )*^a3. 

4. Let ii = ji and a^ = -(3^. If ii < ji, then a^ = (_)n+min{i2,j2}+min{i3,j3}c^^ . < j^, 
then ai = (-)*2+mm{i3j3}ct^ . < j^^ fh^^ ai = {-Y'ai. 

Proof. The arguments for various cases are similar. We give the proof only for the first case. 
Suppose that ii = ji, ai = —fii and Z2 < j2- According to Theorem |4.4.3| for pairwise 



molecular subcomplexes, we can get a maximal atom v = ui[ki,6i] x M2[^2, £2] x us[ks, £3] x 
Ui[ki,ei\ with ki > ii = ji, M2[A;2,£2] ^ '«2[^2,a2], h > min{z3,j3} and ki > min{i4,j4}. 
Since ^^=1 minji^, js} = p, we have kg = min{is, js} for s = 2,3,4. Hence ■U2[^2i£2] = 
W2[^2,«2]- Moreover, it is easy to see that A, /i and ly are pairwise adjacent by the choice of 
p. It follows easily from the sign conditions that a2 = (— )*^q;i, as required. The arguments 
for other cases are similar. 
This completes the proof. 

□ 

To decompose A into atoms, we need a total order < on the atoms in the product of 
four globes analogous to that on the atoms in the product of three globes. For a pair of 
atom atoms A = Ui[ii, ai] x ii2[^2i 0^2] x %[^3i 03] x ^4 [^4, ^4] and /i = Ui[ji, f3i] x U2[j2, f^-il x 
'J^sbsi l3s\ X M4[i4, [3i\ in mi x ^2 x M3 x Ui, we write A < /i if one of the following holds: 

• ai = j3i = — and ii < ji, 

• ai = Pi = + and ii > ji, 

• ai = — and jSi = +; 

• ii = ji are even, ai = Pi, a2 = (32 = — and 22 < j2', 
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• 




= jl 


are 


even, ai 


= Pi, "2 = 


= P2 = + and 12 > j2; 




• 


h 


= jl 


are 


even, ai 


= Pi, "2 = 


= — and P2 = +■ 




• 


k 


= jl 


are 


odd, «! 


= Pi, a2 = 


P2 = + and 12 < j2, 




• 


h 


= jl 


are 


odd, ai 


= Pi, ^2 = 


P2 = - and i2 > ^2; 




• 




= jl 


are 


odd, CKi 


= Pi, 012 = 


+ and P2 = -. 




• 


ii 


= jl: 


, ai 


= Pi, jl 


= j2. Pi = 


P2, ii + i2 is even, 03 


= p^ = - and Z3 < ^3 


• 




= jl, "1 


= Pi, jl 


= J2, Pi = 


P2, h + k is even, 


= p^ = + and i'i > js 


• 


k 


= jl: 


, ai 


= Pi, jl 


= J2, Pi = 


P2, h + k is even, 03 


= - and Ps = +; 


• 




= jl: 


, ai 


- Pi, 3i 


- J2, Pi - 


P2, h + ^2 is odd, 03 = 


= P3 = + and is < j^; 


• 




= jl: 


, ai 


= Pi, jl 


= J2, Pi = 


P2, H + ^2 is odd, Q!3 = 


= /?3 = - and is > js] 


• 




= jl: 


, ai 


= Pi, jl 


= J2, Pi = 


P2, ii+ 12 is even, 03 


= + and Ps = — . 



It is evident that the relation < is a total order on the set of atoms in ui x U2 x x U4. 

Lemma 4.7.3. For any pair of maximal atoms A and /i m A with dim X > p and dim > p, 
if \ < H, then A fl /i C d^X fl d~iJi. 

Proof. In the proof of this lemma, we use Lemma [4.1.1| without comments. 

Let A = ui[ii,ai] x ■U2[^2,a2] x Us[iz,oiz\ x M4[^4,a4] and = Wi[ii,/9i] x U2[j2, P2\ x 
"(^s [is 5/^3] X Ui[ji,Pi\. We consider several cases, as follows. 

1. Suppose that ^^^^^ min{is, js} = p. Then A and are adjacent by the choice of p. 
According to Lemma |4.7.2| and sign conditions for pairwise molecular subcomplexes, it is 
easy to see that \f\ ji C. d^X fl d~n, as required. 

2. Suppose that Yl'^s=i i^iii{^s) is} < p— 2. According to condition 1 for pairwise molecular 
subcomplexes, it is evident that A fl /i C dp A fl d~ii, as required. 

3. Suppose that ^^^^ minjis, js} = p—1 and that A and /i are adjacent. There are several 
case, as follows: (1) ii = ji and ai = Pi, (2) ii = ji, ai = —Pi, i2 < j2, ^2 = (— (3) 
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11 = ji, «! = -Pi, k > 32 and = (4) h ^ ji] (5) ii = ji, ai = -^^i, ^2 < h, 

012 = % > J3 and i4 < J4; (6) ii = ji, ai = < 32 "2 = «3 > is 
and u < ji, (7) Zi = ji, ai = Z2 > J2 /32 = -(-j'^A, i?, > h and ^4 < J4; (8) ii = ji, 
ai — —Pi, 12 > 32 P2 — — (— is < is and > j^. In the first 4 cases, it follows from 
the sign conditions that A fl C dp_iX fl dp_iiJ,, thus A fl /x C dp X O d~ n, as required. The 
arguments for cases (5) to (8) are similar, we give the proof for only case (5). In this case, 
we have ai — — and hence Pi — +, a2 — (— )'S Ps — — (— g^j^j _ (^_yi+t2+j3^ 

thus An// C (Ml[il,Q;i] X U2[i2,0(2] X UslJs + 1,03] X U4[i4,Oi4]) H {ui[ji,Pi\ X M2[z2 + I, P2\ X 

UsiJs^Ps] X ■U4[i4, (— )*i+*2+i3j^ (2 (^+_\ Pi (^-^^ required. 

4. Suppose that ^^5=1 niin{zs, j^} = p — 1 and that A and n are not adjacent. Suppose 
also that ig — js for two values of s. Then it is easy to see that A fl // C d^X fl as 
required. 

5. Suppose that ^^=1 niin{is, j^} = p — 1 and that A and /j, are not adjacent. Suppose 
also that ii — ji, 12 7^ 32-1 is 7^ js and ^ j^. There are various cases: (1) ^2 < j2, is < js 
and i4 > J4; (2) i2 < j2, is > js and ^4 < J4; (3) Z2 < J2, ^3 > js and ^4 > ^'4; (4) ^2 > ^2, 
Z3 > js and ^4 < j^; (5) is > j2, ^3 < js and u > j^; (3) 23 > j2, is < js and ^4 < ^4. The 
arguments for cases (1), (2), (4) and (5) are similar, and the arguments for cases (3) and (6) 
are similar. We give the proof for cases (1) and (3). 

In case (1), we have ii — ji, 12 < J2, is < js and i^ > j^. We claim that a2 — — (— or 
03 = (— )*i+*2 ■vi^'hich implies that A fl /i C dpX fl rf^ /i, as required. Indeed, suppose otherwise 
that a2 — {—y^ and as — —{—y^~^^^- By the definition of <, we must have ai — — and 
Pi — +. If P4 — — (— )*i+'2+i3^ then A has a maximal atom v — ui[ki,ei\ x U2[k2,e2\ x 
%[^3)^3] X ^4(^:4, £4] with ki > ii = i2, k2 > 12, k^ > is and A;4 > ^4; moreover, we can 
see that k2 = i2, niin{A;3, ^3} ^3 + 1 and min{A;4,i4} = J4 + 1 by the definition of p; 
furthermore, we can see that v is adjacent to both A and //; it follows that £2 = ~{~y^'i 
this contradicts the sign condition for and £2- If Pa — (— )'i+'2+«3^ ^^en A has a maximal 
atom u' = ui[k'i,e'i] x U2[k2, £2] ^ us[k'^, £3] x U4[k'^, £4] with k[ > ii = i2, k'2 > 12, k'-^ > is and 
k'4^ > ji\ moreover, we can see that min{A;2,j2} = ^2 + 1, ^3 = is and min{A;4,i4} = J4 + 1 
by the definition of p; furthermore, we can see that u is adjacent to both A and /x; it follows 



142 



that Si — + — —ai when ki — ii, this contradicts the sign condition for cci and a2- 

In case (3), we have ii = ji, 12 < 32, h > is and u > J4. We claim that = (— )*i+*2 
or (^4 = — (— )*i+*2+-?3 which imphes that A fl /i C dp\ n d~iJ,, as required. Indeed, suppose 
otherwise that Ps = -(-)n+i2 and P4 = (-)^i+^2+«. If q;2 = then A has a maximal 

atom u — ui[ki,ei] x U2[k2, £2] x 'ifsf^a, £3] x ii4[^4, £4] adjacent to both A and n with ki — ii, 
min{A;2,i2} = "^2 + 1, minj/cs, ^3} = ^3 + 1 and k^ = j^. By the sign condition for and u, 
we have £4 = (_yi+»2+«3 xhis contradicts the sign condition for a2 and £4. If a2 — (— 
then ai — — and /3i = + by the definition of <. According to the sign conditions for fi and 
v, we get £1 = +. This contradicts the sign condition for /3i and a2. 

6. Suppose that ^^5=1 niin{zs, j^} = p — 1 and that A and n are not adjacent. Suppose 
also that ii ^ ji, 12 — j2, is 7^ js and ^ J4. There are various cases: (1) ii < ji, < js 
and i4 > J4; (2) h < ji, ia > J3 and ^4 < j4; (3) h < ji, ia > js and > Ja] (4) ii > ji, 
^3 > js and ^4 < Ja] (5) ii > ji, h < h and ^4 > Ja] (6) ii > ji, h < Js and ^4 < i4- The 
arguments for cases (1), (2), (4) and (5) are similar, and the arguments for cases (3) and (6) 
are similar. We give the proof for cases (1) and (3). 

In case (1), we have ii < ji, 12 = j2, h < js and > J4. According to the definition of 
<, we get CKi = — . It follows easily that A n C dp\ fl d~iJ,, as required. 

In case (3), we have ii < ji, 12 — J2, h > js and > J4. According to the definition 
of <, we get ai — —. We claim that — (— )*i+*2 or (3^ — — (— )»i+»2+j3 which imphes 
that A n /i C dp A fl d^ ji, as required. Indeed, suppose otherwise that Ps = — (— and 
/?4 — (— yi+»2+i3_ Then A has a maximal atom u — Ui[ki, £1] x U2[k2, £2] x «3[^3, £3] x u^lk^, £4] 
adjacent to both A and fj, with min{A;i, ji} — + k2 > 12, niin{A;3, i^} = j3 + 1 and k^ — J4. 
According to the sign conditions for A and we have £4 = — (— )*i+«2+J3 which contradicts 
the sign condition for P^ and £4. 

7. Suppose that X^^^i minjzs, j^} — p — 1 and that A and are not adjacent. Suppose 
also that ii ^ ji, 12 7^ J2, h — ja and ^ J4. By similar arguments as in case 6, we can get 
A n ^, C a!+A n dp required. 

8. Suppose that Ylt=i^^^i^s,js} — p — 1 and that A and are not adjacent. Suppose 
also that ii ^ ji, 12 7^ J2, h 7^ jz and — J4. By similar arguments as in case 6, we can get 
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Xf] fi C dpX n as required. 

9. Suppose that A and /i are not adjacent. Suppose also that J2t=i^^^{^s, js} = p — I 
and is 7^ js for all values of s. There are various cases. The arguments for these cases are 
similar. We give the proof for two cases. 

Suppose that ii < ji, 12 < j2, is > js and i^ > J4. Then ai = — by the definition of <. 
We claim that (3^ = (-)*i+»2 or ^4, = _(_)»i+«2+»3 ^hich implies that A n C d+A n dpfj,, as 
required. Indeed, suppose otherwise that (3s = — (— )*i+*2 and f]^ = (— )*i+*2+«3. Then A has 
a maximal atom u = ui[ki,ei] x U2[k2,e2] x us[ks,ss] x U4^[k4,e4] adjacent to both A and /j, 
with ki = ii + 1, k2 = i2i ^3 = is + 1 and k^ = j^; it follow from the sign conditions for 1/ 
and A that £4 = — (— )*i+*2+i3 -^yhich contradicts the sign condition for and e^. 

Suppose that ii < ji, i2 > j2, is > js and > j^. By similar arguments as that in 
the above case, we can prove that (32 = (— and Ps = (~)*^'''*^, or (32 = (— and P4 = 
_(_)n+i2+i3^ or (3s = -(-)^i+^2 and (3^ = -(-)*i+^2+»3^ ^hich implies that An^ C d^XOd^fi, 
as required. 

10. Suppose that X]j=i i^} = p — 2. U is = js for some value of s, then it is 
evident that A fl /i C dp A fl d'fi, as required. 

Now suppose that is 7^ js for every value of s. If A and /i are adjacent, then we have 
A n /i C dp_2X n d~_2^ C dp A n d~ required. 

If ii < ji and if is < js for some value of s with s = 2,3,4, then we have ai = — ; it 
follows easily that A fl /i C dpX fl dp fi, as required. If ii > ji and if is > js for some value of 
s with s = 2, 3, 4, then we have Pi = +; it follows easily that A fl /i C dp A fl d~fi, as required. 

There remain two cases: (1) A and ^ are not adjacent and ii < ji and is > js for 
s = 2,3,4; (2) A and /i are not adjacent and ii > ji and is < js for s = 2,3,4. The 
arguments for the two cases are similar. We give the proof for the first case. 

In the first case, we have ai = — by the definition of <. We claim that P2 = (~)*^ 
or (3s = — (— )*i+-'2 Qj. — (^_yi+j2+j3 -yy^ich implies that A fl /i C dp A fl d" /i, as required. 
Indeed, suppose otherwise that (32 = — (— and (3^ = (— )*i+J2 g^^^ _ _(^_yi+j2+rA _ Then 
there is a maximal atom z/ = 'Ui[A;i,£:i] x U2[k2,£2] x ^[^Sjf^s] x u^lk^jSi] such that ki > ii, 
^2 > J2, ^3 > js and ^4 > J4. According to sign conditions and condition ^ in Theorem 
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4.4.1 , we can see that, for each fixed value of s with s = 2,3,4, u can be chosen such that 
ks > is- Moreover, by the choice of p, there are at most two values of s with s = 2, 3, 4 such 
that ks > is- Now there are several cases, as follows. 

(a) . Suppose that p can be chosen such that there are two values of s with s = 2,3,4 
such that kg > js- The arguments for various choices of the two values are similar. We 
give the proof for ^2 > j2 and k^ > j^. In this case, we have /c2 = ^2 + 1 and k^ = 

+ 1 and k^ = by the choice of p, and A and p are adjacent. It follows from sign 
conditions that £4 = (— )*i+J2+-'3 = — /54. According to Lemma 4.4.3 , we can get a maximal 
atom ^' = ui[j[,(3[] x U2[j2, ^2] x U3[j'^, P'^] x u^lf^, (3'^] such that j[ > min{ji,fci} > ii, 
U2[j'2,P2] 3 M2b2,/52], ^sbs^/^s] ^ Ps] and j'^ > j4. If ^2 > J2, then it is evident 

that j'2 = j2 + 1 and u^lj'^, P'^] = u^lJs, P^] by the choice of p, and /i' is adjacent to A; this 
gives a contradiction to the sign condition for P'^ and ai. Suppose that = h- Then 
P2 = P2 = —{—Y^- Thus A and /i' are not (1, 2)-adjacent. It follows that there is a maximal 
atom A' = Mi[i'i,a']^] x M2[z2,a;2] x M3[z3,q;3] x U4[i'4^,a'^] in A such that i[ > ii, i'2 > 32 = j2, 
i's > is and ^4 > min{j4, i^} > j^. By the choice of p, it is easy to see that ^2 = j2 + 1, ^3 = is 
and ^4 = i4 + 1, and that A' is adjacent to both A and fi'. This leads to a contradiction to 
the sign conditions for ai, a'^ and P'2. 

(b) . Suppose that u cannot be chosen such that there are two values of s with s = 2, 3, 4 
such that ks > js- Then, for each value of s with s = 2,3,4, ly can be chosen such that 
ks > js- In particular, u can be chosen such that ki > ii and ^2 > i2. Moreover, we have 
^2 = i2 + 1 or k2 = i2 + 2 by the choice of p- By the assumption, we can see that A is both 
(1, 3)-adjacent and (1, 4)-adjacent to u- 

Suppose that ^2 = i2 + 1- It follows from sign conditions that £3 = — (— )*i+-?2 = —p^ and 
£4 = — (— )*i+J2+J3 = According to Lemma [4.4.3| and the assumptions, there is a maximal 
atom u' = ui[k[,e'i] x U2[k2,e2] x ?/3[/c3,£3] x U4^[k'^,e'^] such that k[ > min{ii,A;i} > ii, 
U2[k2,£2] = U2[j2, P2], ^3 > is and U4[k'^,e'^] = u^lj^, P4]- It follows that A and u' are not 
(1, 2)-adjacent. Thus A has a maximal atom u" = Ui[ki, e"] x U2[k2, e'!^ x n3[A;3, £3] x u^lk'l, e'l] 
such that k" > ii, > k'2 = j2, ^3 > iiiiii{/!;3, ^3} > i3 and k'l >k'^ = j^- This contradicts 
to the assumption on the choice of p- 
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Suppose that = ^2 + 2. Then one can get a contradiction by a similar argument. 
This completes the proof. 

□ 

By this lemma, we can arrange all the maximal atoms in A with dimension greater than 
p as 

Ai, A2, ■ ■ ■ , A„ 

such Aj n Xj C dpXiH dpXj for i < j. We denote A^ in the list by 

Afc — Ui[li ,ai \ X U2[l2 , Ct2 J X U3[l^ ,0^3 J X 'U,4[i4 ,04 J. 

Let = dp A U Ai and A+ = d+A U A2 • ■ ■ U A„. We are going to prove that A~ and A+ 
are pairwise molecular subcomplexes and A can be decomposed into A~ and A'^. 

Lemma 4.7.4. A^ satisfies condition 1 for pairwise molecular subcomplexes. 

Proof. We first prove that d^Xi C d^K. Suppose that ^ G d^Xi. Then, for every maximal 
atom A' in A with ^ G A', if A' = A* for some t > 1, then ,^ G Ai fl Af C d~Xt = d~X'] 
if dim A' < p, then we automatically have ^ G d^X'. It follows from Lemma |1.4.17] that 
dpXi C dp A, as required. 

We now verify that A^ satisfies condition 1 for pairwise molecular subcomplexes. It 
suffices to prove that any maximal atom A = ui[ii, ai] x 1/2 [^2, 0^2] x u^lis, as] x u^li^, a^] in 
dp A with is < i^'^ for s = 1,2,3,4 is contained in Ai. By the formation of d~Xi and d~A, it 
is easy to see that A is a maximal atom in d^Xi, and hence A C Ai, as required. □ 

Lemma 4.7.5. A"*" satisfies condition 1 for pairwise molecular subcomplexes. 

Proof. It suffices to prove that any maximal atom A = x U2[i2-,ot2\ x 'U3[i3,a3] x 

M4[«4, a4] in dp A with ig < if^ for s = 1, 2, 3,4 and some 2 < t < n is contained in some A^ 
with 2 < r < n. It is evident that dim X = p. 

Let r be the maximal integer t between 2 and n such that with is < i^s^ for s = 1, 2, 3, 4. 
Then d^Xr has a maximal atom of the form A' = Ui[ii, a[] x U2[i2, ct'2] x ^sl^s? 0^3] ^ ^^[14^, a'^]. 
By the choice of r, it is evident that Int X'dXt = for any t > r. Moreover, for any 1 < s < r, 
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we 



have A' n As C A^ H As C d^Xg. By Lemma 1.4.17 , we can see that Int A' C d^A and hence 



A' C dp A. So, by condition 1 for the pairwise molecular subcomplex d^A, we can see that 
A = A' C Ar, as required. 

This completes the proof. □ 

Lemma 4.7.6. Let 1 < r < 4. If p > Ir and Ai is a [ur, Ir) -projection maximal atom, then 

1. F7; (A-) andFl''{A+) are molecules; 

2. d;_jFl^{A-) = d-p_jFl^{A+), hence Fl^{A-)4^,^j^Fl:{A+) ts defined; 

3. F;;(A) = Fl^{A-)i^,.,^Fl^{A+). 

Proof. The arguments for various choices of r are similar. We prove only for r = 1. 

Since F// preserves unions, we have ^//(A-) = F//(c/-AuAi) = F//(c/-A)UF//(Ai) and 

f;/ (a+) = f;; (^^a u A2 u ■ ■ ■ u a„) = f;/ {d;A) u f;/ (A2) u • ■ ■ u f;/ (a„). if dim f;/ (Ai) < 

p-h, then it is evident that F//(A-) = F//(d;A) = dp_^^F//(A) and F//(A+) = F//(A); it 
follows easily that F7/(A-) and F//(A+) are molecules and d+_j^F//(A-) = d;_^^F// (A+), 
as required. If F^^(A) consists of only one maximal atom, then F"^^(A) = F^^(Ai); it follows 
that F-(A") = F-(AO = F-(A) and F-(A+) = F-(rf+A) = <_,,F-(A); hence F-(A-) 
and F^^(A^") are molecules and d'^_j^F'^^ {A^) = (ip_j^F^^(A+), as required. In the following 
proof, we may assume that dimFj^{Xi) > p — Ii and Fj^{A) consists of at least two distinct 
maximal atoms. 
Let 

q = max{dim(/i (1 fi') : fi and //' are distinct maximal atoms in F^^(A)}. 

It is clear that q < p — h hy the choice of p. Let fi = v!^ [^2, /32] x "^3^ [is, /Ss] x u^l [^4, /?4] be 
a maximal atom in F^^(A) distinct from F^^(Ai) such that dim/i > p — l\. We first prove 

that F7/(Ai) n M c <_,,f;/(Ai) n d-p_,^iJi. 

Since /i is a maximal atom in F^^(A), there is a /i)-projection maximal atom fi of the 
form fl = ui[ji,Pi] X U2[j2,l32] x -usba^/^s] x uaIJa, jS^]. We consider several C3iSGS, clS follows. 

1. Suppose that min{zi,ji} = Ii. Since Ai fl /i C d^Xi fl d~fl, it is easy to see that 
F;/(Ai) n /i C rfJ_,^F//(Ai) n as required. 
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2. Suppose that min{ii, ji} > /i + 1. Then mm{i2, ^2} + minjia, js} + min{i4, < 
p — Ii — 2. It follows easily that F^^(Ai) fl /i C (ip_^^F^^(Ai) fl d~_j^jji, as required. 

3. Suppose that min{ii, ji} = /i + 1. Then min{i2, j2} + min{«3, js} + min{i4, J4} < 
p — Ii — 1. If min{z2, J2} + iiiin{z3, J3} + min{z4, J4} < p — Ji — 1, then it is evident that 
Fj^ (Ai) n /i C d^-i^Fj^ (Ai) n as required. If min{z2, ^2} + min{i3, js} + min{i4, J4} = 
p— /i — 1, and if is = js for some value of s with s = 2, 3, 4, then it is evident that F^^(Ai)n/i C 
c^p_/ii^/"'(Ai) n d~_j^n, as required. If min{z2, ^2} + min{z3, jg} + min{u, ^4} = p - h - 1, 
and if is ^ js for s = 2,3,4, then mm{ii,ji} + min{z2, j2} + min{z3, ^3} + min{z4,j4} = p; 
thus Ai and fi are adjacent; it follows easily from the sign condition for Ai and ft, that 
F7/(Ai) HfiC d+_j^Fl'{Xi) n d;_j^fi, as required. 

Now, we have F7/(A-) = d;_^^F7/(A) U ^//(Ai) and 

F;/(A+) = d+_j^Fl'{A) U |J{^ : /i is a maximal atom in F//(A) with ^ ^ ^//(Ai)} 

(Note that it is possible that F7/(A+) = c/J_j^Fj/(A)). It follows from Theorem |1.4.13| that 
F//(A-) and F//(A+) are molecules in u^' x x ^^J./^^/T (^") = and 
F7/(A) = F//(A-)#p_,,F;/(A+), as required. 
This completes the proof. 

□ 



Proposition 4.7.7. Let A be a pairwise molecular subcomplex. Then 

1. At and A+ are pairwise molecular subcomplexes. 

2. dpA~ = d~A~^, hence the composite A~#pA+ is defined. 

3. A = A-#pA+. 

Proof. We first prove that A~ and A'^ are pairwise molecular subcomplexes. If Ai is not 
a /i)-projection maximal atom in A, then it is easy to see that F^^(A~) = Fjf{d~A) 



and F/^'(A+) = Fff{A) by the choice of p and Lemmas [4.7.4| and |4.7.5| ; hence Fff{A~) and 
Fff{A^) are the empty set or molecules in x tig^ x u^^. If Ai is a (-ui, /i)-projection 
maximal atom in A, then we have already seen that Ff^{A~) and F^^(A"'") are molecules in 
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X X u^^ from Lemma 4.7.6 . Consequently, i^^^(A ) and F^^(A+) are the empty set 



or molecules in u^^ ^ "^s^ ^ ''^l^ every integer Ji. Similarly, F^^(A~) and F^'(A+) are the 
empty set or molecules in the corresponding cu-complex for every value of s and every integer 
Is- It follows that A~ and A+ are pairwise molecular subcomplex of wi x -U2 x 113 x u^^. 
Now, ii p> h and Ai is not (-ui, Ji) -projection maximal, then we can see that 

F-(4A-) 

= d;_,Fl\d-k)) 
= d--iFl'i^) 

if p < Ji, then A~) = = A~); if p > Ji and A is {ui, /i)-projection maximal, 

then Fl'{d+A-) = F//((ipA+) by Proposition liXSj Consequently, we have F//(rf+A-) = 
Fj^{dpA^) for every value of Ji. Similarly, we can see that we have F^'(c/p A^) = Fj^" {d^ A^) 
for every value of s and every value of Is- If follows from Proposition |4.1.7| that dpA~ = d^A^. 
Clearly, we have A = A^ U A+. Therefore A = A't^^A"*", as required. This completes the 
proof. □ 

We have now proved that a pairwise molecular subcomplex A in ui x U2 x u-^ x U4 can 
be decomposed into pairwise molecular subcomplexes A = A^^pA'^. It is evident that this 
is a proper decomposition. By induction, we can see that A can be eventually decomposed 
into atoms. Thus A is a molecule. So we get the proof for Theorem |4.7.1| . 
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